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Introduction

Artificial intelligence (Al) is prompting every field of human endeavour to reconsider its future: Is human engagement and investment
still valuable? What kinds of expertise will remain essential? Where should future effort be directed? This document argues that
mathematics provides the foundations of modern Al, and further mathematical innovation will be essential to Al’s future development.

As Al systems become more capable, more pervasive, and more consequential, progress will depend not simply on larger models,
greater computational power, or wider data access, but on deeper theoretical understanding. Questions of reliability, interpretability,
optimisation, uncertainty, safety, and robustness are all, in substantial part, mathematical questions. A strong mathematical sciences
research base is therefore essential both to the UK’s capacity to develop the next generation of Al and to the evaluation, deployment,
and regulation of Al—responsibly and for the benefit of society as a whole.

This “primer” brings together short contributions from across the mathematical sciences to show why continued investment in
mathematics, statistics, and data science is critical if we are to reap the benefits of Al in the future. Each section introduces a
mathematical topic, notes some of its established applications, and outlines its relevance to Al. We could have included many
more. The reader is referred to the Royal Statistical Society’s Policy piece, Al is Statistics, and the SIAM report The Role of Applied
Mathematics in a New Era of Artificial Intelligence for further examples of the importance of mathematical science for current and
future developments in Al.

Taken together, these pieces are intended to provide foundational evidence to support a wider advocacy effort within and beyond
the mathematical sciences community: to help policymakers, funders, university leaders, and other decision-makers recognise that
sustained investment in the mathematical sciences is vital to the future of Al—and to the public benefit that future Al may deliver.

Contributing authors

Prof. David Leslie ®, Prof. Miguel Anjos @, Dr Olga Anosova @, Prof. Rachel Bearon ®, Prof. Dame Muffy Calder DBE FREng FRSE ®, Prof. José
Carrillo®, Prof. Alan Champneys @, Prof. Tom Coates ®, Prof. Sam Cohen ®, Dr Jessica Enright ®, Prof. Dame Alison Etheridge DBE FRS @,
Prof. Des Higham FRSE ®, Prof. Sidharth Jaggi ®, Prof. Vitaliy Kurlin ®, Dr Robert Leese, Dr Vinesh Maguire-Rajpaul ®, Dr Christie Marr
Prof. Chris Nemeth ®, Dr Dan Nicolau ®, Dr Christian Offen ®, Dr Lorenzo Pareschi ®, Prof. Marcelo Pereyra ®, Prof. Yasser Roudi
Prof. Carola-Bibiane Schonlieb ®, Zakhar Shumaylov ®, Prof. David Silvester ®, Prof. Peter Tino ®, Dr Sara Veneziale ®, Benjamin
Walker ®, Prof. Dave Woods ®, Prof. Yi Yu

)
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Algebraic geometry

What is algebraic geometry?

Algebraic geometry studies the shapes defined by polynomial equations. A simple example is the (algebraic) equation x* + 2 = 1
which defines a circle (a geometric object). These objects—called algebraic varieties—range from simple shapes to more complex
systems involving many variables and higher-degree polynomials. Algebraic geometry provides the language to work on abstract
spaces beyond our three-dimensional experience. Moreover, algebraic geometry establishes deep connections between different
areas of pure mathematics (algebra, geometry, topology, and number theory) whilst having a rich history of applications across
physics, statistics, cryptography, and Al.

Established applications

In physics, algebraic geometry gives researchers the language to describe the foundations of string theory and mirror symmetry, where
different geometric spaces can describe the same physical phenomena [1]. In statistics and data science, algebraic geometry gives new
ways of interpreting and studying the structure of statistical models: the space of all possible Gaussian mixtures, phylogenetic trees, or
hidden Markov models can be understood as algebraic varieties, with their singularities (those bad areas that make their geometry
degenerate) corresponding to models that are difficult to distinguish statistically [2, 3, 4]. Coding theory and cryptography rely heavily
on algebraic curves and their properties, with elliptic curve cryptography providing security for modern digital communications.

Algebraic geometry meets Al

Today, ideas from algebraic geometry are increasingly central in establishing a theoretical basis to the development and, critically,
understanding of modern Al systems. There are many areas of interactions between these fields; here we report only a few of them.

Singular learning theory, developed by Sumio Watanabe, applies algebraic geometry to analyse learning systems by studying the
singularities in the loss function landscape, points where multiple parameters produce identical outputs. This geometric perspective
explains why neural networks generalise well despite being overparameterised, resolving puzzles that traditional statistical theory
could not address [5].

LoRA (Low-Rank Adaptation) is an empirical technique for efficiently and effectively fine-tuning large language models to specific
tasks by optimising only a subset of the parameters (leading to huge reductions in the compute needed). The technigue relies on
low-rank matrix approximation and tensor decomposition, deeply geometric problems since the space of low-rank objects can be
understood as an algebraic variety [6].

Recent work on tropical geometry, a piecewise-linear version of algebraic geometry, has revealed that neural networks naturally
compute tropical rational functions, providing a new algebraic framework for understanding deep learning architectures. The
expressivity and optimisation landscape of neural networks can be analysed through the lens of polynomial systems and the
corresponding algebraic varieties [7].

Even fundamental questions about optimisation algorithms for machine learning, related to how to sample during stochastic gradient
descent, require deep results from real algebraic geometry. The Recht-Ré conjecture, a long-standing conjecture in machine learning,
was disproved using the noncommutative Positivstellensatz, a result from algebraic geometry [8].

Looking ahead

As Al systems grow more complex, sophisticated tools of algebraic geometry from this and the last century are proving indispensable
for giving a theoretical understanding of how and why these systems work, and how to make them better.

The integration of algebraic geometry into Al demonstrates that fundamental mathematical research, often conducted decades
before possible applications are discovered, remains essential for technological progress. Singular learning theory builds on algebraic
geometry developed in the 1960s, while tropical geometry originated in the 1990s.
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Bayesian statistics

What is Bayesian statistics?

Bayesian statistics is a mathematical framework for reasoning under uncertainty. Instead of producing a single “best guess”, it
represents uncertainty explicitly through probability distributions over unknown quantities, such as parameters, hidden states, or
future outcomes. This allows us to say not only what seems likely, but also how confident we are and how that confidence should
change as new evidence arrives.

The key mathematical tool is Bayes’ rule, which provides a principled way to combine prior knowledge with observed data. What is
distinctive about the Bayesian approach is that all unknown quantities are treated probabilistically throughout, so that uncertainty is
represented explicitly and updated systematically as evidence grows.

Bayes’ rule allows us to update beliefs in a coherent and transparent way as information accumulates. To make this framework usable
in practice, Bayesian statistics relies heavily on computational methods: algorithms and theory that turn probabilistic models into
workable methods for real data.

Established applications

Bayesian ideas have long been important in applications where decisions must be made under uncertainty. Many such problems are
inverse problems: we observe incomplete or noisy data and must infer the underlying state of a system. Examples include tracking
disease progression from partial measurements, estimating risk in complex engineering systems, calibrating scientific models, and
making forecasts in changing environments.

In these settings, it is often not enough to issue a prediction alone. We also need to know how reliable that prediction is, how sensitive
it is to assumptions, and what the consequences of error might be. A clinical risk model, for example, should not only predict an
outcome but also indicate the uncertainty around that prediction, since this may affect treatment decisions. Bayesian methods
provide a disciplined way to propagate uncertainty through the entire analysis and into downstream decisions.

At the computational core of practical Bayesian inference are Monte Carlo methods, which generate representative samples from
complicated probability distributions. Markov chain Monte Carlo (MCMC), together with more recent developments, makes it possible
to work with distributions that are easy to define mathematically but impossible to compute exactly.

Bayesian statistics meets Al

These ideas now sit at the centre of many modern Al and machine learning pipelines. Alongside Monte Carlo methods, optimisation-
based approximations such as variational inference and particle-based methods such as sequential Monte Carlo are widely used,
especially in large-scale, online, and time-dependent settings. A major strength of Bayesian and computational statistical methods is
that they come with mathematical theory and diagnostic tools, helping us assess when these methods are reliable, when they are
well calibrated, and when they may fail.

The connection to Al is especially clear in generative modelling. Generative Al can often be understood as learning a complex probability
distribution from data and then sampling from it. Diffusion models, for example, generate new images and other forms of data by
learning how to reverse a gradual noising process. More broadly, score-based methods and flow-matching approaches learn dynamics
that describe how distributions evolve, and then generate samples by simulating those dynamics.

This means that many advances in generative Al rely on mathematical ideas that are already central to Bayesian computation and
computational statistics: stochastic simulation, high-dimensional probability, numerical stability, calibration, convergence analysis,
and principled ways to impose constraints or condition on available information.

Looking ahead

Al therefore increases, rather than reduces, the importance of Bayesian statistics and computational statistics. Reliable uncertainty
quantification is essential for safety and robustness, for example when a system should defer a decision or request more information.
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It also matters for security, where one wants to detect distribution shift or model mismatch, and for accountability, where outputs
need to be explainable and auditable.

Just as importantly, the Bayesian workflow encourages model criticism: checking whether a model’s predictions are consistent
with reality, whether its uncertainties are well calibrated, and whether conclusions are sensitive to modelling assumptions. If Al
systems are to be deployed responsibly in areas such as healthcare, finance, defence, science, and critical infrastructure, then we need
mathematically grounded methods for inference, uncertainty quantification, calibration, and stochastic computation. These are what
make learning from data dependable, rather than merely powerful.
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Complex systems theory

What is complex systems theory?

Complex systems theory examines systems composed of many interconnected components, where the interactions between these
components give rise to behaviours and properties that are not easily deducible from the individual parts [1]. Al systems often exhibit
intricate dynamics that are essential for understanding and interpreting their outputs. As Al continues to advance, recognising and
modelling this complexity becomes increasingly important if we are to understand how these systems function and perform.

Established applications

The principles of complex systems theory have found applications in numerous fields in which interactions and connectivity between
components are crucial. For example:

Biological systems. The study of ecosystems highlights how species interact and adapt, providing insights into biodiversity and
ecological stability [e.g., 2, 3, 4].

Social networks. Analysis of social systems helps us understand how information spreads and how individual behaviours influence
group dynamics.

Economic models. Complexsystems theory informs the study of market behaviours, helping to clarify how economic agents interact
and respond to various stimuli [e.g., 5, 6].

These applications underscore the theory’s significance in analysing dynamic systems and uncovering emergent behaviours that
cannot be understood through reductionist approaches.

Complex systems theory meets Al

While machine learning has shown great promise, much recent progress has come from scaling models to unprecedented sizes,
resulting in very large numbers of tuneable parameters during training. This is facilitated by vast amounts of available data. However,
because of the sheer complexity and opaqueness of these models, we still do not fully understand what they have learned or how that
knowledge is transformed into outputs. Despite substantial efforts to interpret complex black-box machine learning models [e.g., 7, 8],
our understanding remains only partial.

To reconcile the need for transparency with the advantages of machine learning, one possibility is to combine mechanistic modelling
with machine learning [e.g., 9, 10]. Mechanistic modelling provides an interpretable framework for representing the underlying
processes that generate the data and shape predictions. Machine learning, by contrast, can uncover complex dependencies in large
data sets without requiring a complete prior mechanistic specification.

The core idea of combining mechanistic modelling with machine learning lies in using available data to learn within the space
of mechanistic models. This approach allows mechanistic models to be refined using knowledge extracted from the data, while
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maintaining overall system transparency [e.g., 11, 12]. However, the mathematics underpinning such a fusion poses significant
challenges, especially when mechanistic models live in structured spaces with non-standard geometry, constraints, or notions of
similarity.

Looking ahead

Going forward, developing a coherent mathematical framework to describe and analyse the fusion of mechanistic modelling and
machine learning is crucial. Such a framework would improve understanding and help provide mathematical guarantees about the
reliability and performance of these models in deployment. By addressing the complexities inherent in these mechanistic model
spaces—such as their geometry and the non-standard metrics governing similarity and distance—we can strengthen efforts to make
machine learning systems safer, more transparent, and more interpretable. Ultimately, this closer integration of methodologies will
help move Al towards systems that do not merely fit data, but also reflect a deeper understanding of the structural dynamics of the
problems they are used to solve.
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Complexity theory

What is complexity theory?

Complexity theory studies the resources—especially time and space (memory)—needed to solve computational problems. Time is
often the central concern; time complexity is measured by the maximum number of steps required by an algorithm as the size of
the input grows. The scaling of that number of steps with input size is important, and two key cases are commonly distinguished.
Forinput of size n, an algorithm has polynomial time complexity if the number of steps required grows as n*, for a constant k; such
problems are generally regarded as solvable. By contrast, exponential-time algorithms, whose running time grows like k" for some
constant k, are usually considered unsolvable for large problem instances.

One of the most important complexity classes of decision problems is called NP-complete. This is the class of decision problems for
which no polynomial-time solution is known, but for which a proposed solution can be checked efficiently.

Established applications

The existence of NP-complete and other intractable problems defines a fundamental constraint: no increase in hardware or use of
heuristic pattern recognition removes the underlying complexity barrier. Examples arise in everyday settings, such as routing problems
in logistics; in the travelling salesman problem, a proposed route is easy to check, but finding an optimal route requires computation
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time that grows exponentially with the size of the input. This is not simply a matter of needing better software or faster hardware; it
reflects a fundamental mathematical wall.

Complexity theory meets Al

In the context of modern Al it is tempting to assume that enough computational power and enough data can eventually overcome
any problem by “brute force”. But Al systems are bound by the same laws of computational complexity as any other computational
method. Even the most advanced Al models often operate as sophisticated heuristic systems rather than exact solvers. They may
excel at finding useful approximate (“good enough”) solutions or patterns, but that is not the same as overcoming the underlying
hardness of NP-complete problems. As Al becomes increasingly integrated into critical applications—from logistics and drug discovery
to cybersecurity—it becomes ever more important to understand when probabilistic “guesses” are adequate, and when stronger
guarantees are required.

Looking ahead

Mathematics generally, and complexity theory specifically, helps identify the structure in problems that determines whether they
are tractable or intractable. When we understand the underlying structure of a specific NP-complete instance, we can sometimes
transform it into a tractable problem with polynomial time complexity. Continued advances in complexity theory will be essential for
understanding where Al can provide safe and practically useful approximations, where exact solutions remain out of reach, and where
problem structure can be exploited to make progress.

Control theory

What is control theory?

Control theory is the mathematical discipline which focuses on the analysis and design of systems that make decisions over time.
Controltheory emerged from engineering challenges, but its fundamental questions are precisely those faced in Al: how to act optimally
in uncertain, dynamic environments; how to balance exploration and exploitation; how to guarantee stability and robustness; and
how to reason over long time horizons.

Control theory provides the language and tools for sequential decision-making under uncertainty. Concepts such as feedback, stability,
optimality, robustness, and observability are central both to engineered systems and to Al agents.

Established applications

Control theory has a distinguished history throughout engineering applications. It is deployed extensively in flight control systems to
stabilise aircraft and provide autopilot capabilities, in automotive control such as anti-lock braking and engine management, and
in electrical power systems to manage load on the grid. A classic and common application is industrial process control, in which
control-theoretic methods are used to monitor and control chemical reactions, temperatures, pressures, and flow rates to ensure
efficient operation. Less obvious applications arise in telecommunications, where bandwidth management and communication
protocols use control theory to ensure quality of service, and in medical systems, where medical devices use control theory to maintain
desired physiological parameters in patients. Control theory is even used in the monitoring of medical unit failure rates.

Control theory meets Al

Atraditional way of organising the fields of Al and machine learning is to distinguish between three core problem classes. Supervised
learning asks: how can we learn a relationship from examples? Unsupervised learning asks: how can we uncover the intrinsic structure
of data? Reinforcement learning asks: how can we learn to make good decisions through interaction with an environment, when
outcomes are uncertain and experimentation is required?

As models grow more capable and obtaining new data becomes more costly, reinforcement learning has become increasingly
important for building reasoning, planning, and adaptive decision-making abilities. At its core, reinforcement learning is not an
isolated invention of modern Al; it can be understood as a modern, data-driven, and computationally scalable extension of classical
control theory, adapted to high-dimensional and unknown environments. Without the mathematical foundations, in particular the
combination of control theory and modern probability theory, we would not know how to develop solutions to large-scale problems,
especially where reliability is critical.

Several challenges in contemporary Al are, at their heart, control-theoretic problems:

Memory and long-term dependencies. Processing long texts, maintaining conversational coherence, or planning over extended
horizons requires models that can incorporate and manage memory. In control theory, this relates to state representation, partial
observability, and filtering, which are tools to describe internal representations of a system over time.
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Stability and safety. As Al systems are deployed in real-world settings, ensuring stable and predictable behaviour becomes critical.
Control theory has developed powerful tools to analyse stability, robustness to perturbations, and resilience to noise—precisely
the issues that arise in Al safety and privacy guarantees.

Randomness and uncertainty. Randomness can be both a benefit and a risk in Al systems. Exploration strategies and randomised
training methods drive learning, yet uncertainty must be carefully controlled to avoid catastrophic outcomes. Control theory offers
a rigorous framework within which to reason about uncertainty, risk-sensitive objectives, and worst-case guarantees.

Scalability and effective use of computation. Modern Al systems rely on enormous computational resources. Control theory
helps clarify how these resources can be used effectively: how to design algorithms that converge reliably, how to exploit structure
in high-dimensional systems, and how to balance model complexity against stability and performance.

Looking ahead

As Al systems become more autonomous, adaptive, and embedded in society, the need for strong mathematical foundations only
intensifies. Empirical progress alone is not sufficient: without theory, we lack guarantees, interpretability, and principled methods for
improvement. Control theory serves as a bridge between abstract mathematics and practical Al engineering, translating theoretical
insights into tools for designing reliable intelligent systems.

Continued progress in Al therefore depends not only on larger models and more data, but also on advances in the underlying
mathematics of decision-making,

Dynamical systems theory

What is dynamical systems theory?

Dynamical systems theory studies how systems evolve over time. The ancients were interested in the motion of the sun, moon,
and stars, in the phases of the tides, and in the changing of the seasons. A more systematic understanding emerged in the Age of
Enlightenment through the work of Kepler, Newton, and many others. This understanding came from formulating laws of physics
as dynamical equations that can, at least in favourable cases, be analysed or solved to make predictions [1]. These ideas can be
generalised to a broad range of systems, with the common idea of a state—a snapshot of the system at a given moment—and a rule
that determines how that state evolves.

Established applications

In the modern era, dynamical equations underpin computer simulations of increasingly complex systems, such as the motion of a
Formula 1 caror of a passenger aircraft. Enormous computer simulations are also used to predict future global climate under different
emissions and land-use scenarios.

Mathematical analysis has uncovered many important aspects of these systems. One important example is the sensitive dependence
on initial conditions (the butterfly effect) associated with chaos. In 1963, Ed Lorenz [2] showed that even a ridiculously simplistic model
of the atmosphere exhibits sensitive dependence on its initial conditions. To predict the outcome a year, say, into the future would
require us to know the current state of the system to more digits of accuracy than there are atoms in the universe. Making a tiny error
in the gazillionth digit behind the decimal point can make a difference between sunshine or snow in a year’s time.

This property of chaos theory put an end to the idea of a clockwork universe that can be determined simply from knowing the current
state and the laws of evolution. If that were the case, then we would all be able to make our fortunes predicting the stock market with
perfect accuracy. But we can’t. In many important systems, long-term prediction is fundamentally limited.

Afurtherissue is that many dynamical systems of interest are safety-critical. Algorithms used in fly-by-wire aircraft, devices providing
medical diagnoses or therapies, and other safety-critical systems rely on feedback control algorithms that can respond to input data
in a certifiably correct way. Such certifiability depends on mathematical analysis of the qualitative behaviour of the dynamics and its
uncertainty.

More generally, dynamical systems theory helps identify the qualitatively different behaviours a system can exhibit, and in combination
with probability theory this helps us reason about the likelihood of different outcomes.

Dynamical systems theory meets Al

There are clear opportunities to apply Al tools to the study of dynamical systems; one recent example concerns smart grids for
electricity delivery [3]. There is also substantial international activity aimed at learning dynamical laws directly from data using Al tools
[4].

Dynamical systems theory also provides a powerful framework for understanding how some Al models behave, enabling us to derive
new methods and to optimise them. For example, recurrent neural networks (RNNs) are Al tools that are used to make predictions
of how key signals evolve over time. They work by having hidden states that evolve as discrete-time dynamical systems; aspects of
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their behaviour such as their ability to learn can be understood using core ideas from dynamical systems theory such as attractors,
sensitivity and transients.

Deep learning models that are used in predictive Al algorithms like ChatGPT can be understood in terms of the dynamics of large
networks of switches. Each switch behaves predictably, but because of the huge number of layers of switches, small differences in
inputs or prompts can in some settings lead to materially different trajectories through the model, making sensitivity and stability
important analytical questions.

The training process of deep networks can also be viewed through a dynamical-systems lens. So-called gradient descent methods
for finding the strengths of each connection between the switches can be thought of as the dynamics of rolling a ball downhill over
a complicated (multi-dimensional) landscape. Mathematical methods help us to analyse the geometry of this landscape, and to
optimally explore the different valleys and plateaus, while trying to reach the optimal set of strengths for each training input.

When Al systems act in the physical world—e.g., in robots, drones and autonomous vehicles—they must respect the dynamics of their
environment. Al algorithms such as reinforcement learning are used to reward desired outcomes and penalise failure. In such settings,
reinforcement learning must often be combined with ideas from optimisation and control theory in order to meet safety and stability
constraints.

Looking ahead

Machine-learning methods are increasingly capable not only of making predictions, but also of helping to infer governing principles
and to construct reduced-order dynamical models for complex phenomena directly from observations. This could have applications
in fields such as climate science, high-performance engineering, and systems biology. Such models may in turn be used within
reinforcement-learning or control frameworks to support more complex human-machine systems, including advanced medical
treatments, active materials, and energy management.

Thereis also growing interest in dynamically inspired architectures for Al algorithms, using ideas such as periodic or chaotic attractors,
continuous-time neurons, and so-called reservoir computers. These designs may offer new forms of robustness, efficiency, or
reproducibility.

As Al systems become more autonomous, the need for formal safety and stability guarantees will grow. Dynamical systems theory—
especially so-called Lyapunov methods and other tools from control theory—may provide just the right mathematical foundations for
future trustworthy Al.

Itis also a dream of many practitioners to be able to turn black-box Al into so-called grey-box systems. That is, even if we do not have a
fully detailed account of how an Al model produces a given answer, we may still obtain a low-order understanding of what it is likely to
do—and, crucially, what it won’t do; one promising route is the idea of learning reduced-order dynamical-systems models of the black
box.

References

[1] F.DiacuandP.Holmes. Celestial Encounters: The Origins of Chaos and Stability. Princeton University Press, 1999. 1SBN: 9780691005454.

[2] E.N.Lorenz. “Deterministic Nonperiodic Flow”. In: Journal of the Atmospheric Sciences 20.2 (1963), pp. 130-141. bol: 10.1175/
1520-0469(1963) 020<0130:DNF>2.0.C0; 2.

[3] M.Ahmadi, H. Aly, and J. Gu. “A Comprehensive Review of Al-Driven Approaches for Smart Grid Stability and Reliability”. In:
Renewable and Sustainable Energy Reviews 226 (2026), p. 116424. D01: 10.1016/j .rser.2025.116424.

[4] S.L.Bruntonand J. N. Kutz. Data-Driven Science and Engineering: Machine Learning, Dynamical Systems, and Control. 2nd ed.
Cambridge University Press, 2022. 1SBN: 9781009098489. por: 10.1017/9781009089517.

Experimental design

What is experimental design?

Experimental design is the mathematical science of active data collection. It addresses a basic question: if we want to understand how
a system behaves, what data should we collect, and under what interventions or conditions? Core principles—randomisation, control,
and sequential or adaptive design—help distinguish genuine causal effects from noise, bias, and coincidence.

Established applications

The principles of experimental design are central in settings where experimental costs are high (e.g., manufacturing), where statistical
rigour is a regulatory requirement (e.g., clinical trials), or where causal reasoning underpins decision-making (e.g., A/B testing in
technology). When decisions involve safety, fairness, cost, or policy, understanding associations alone is insufficient; we need to
understand the impact of interventions. Experimental design provides the most credible basis for causal inference.
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Experimental design meets Al

Experimental design supplies the mathematical framework needed to test whether an Al system genuinely improves outcomes and
whether apparent gains survive deployment. This distinction between prediction and causation is widely recognised as a central
limitation of current Al methods [1, 2, 3].

Empirical evidence shows that many state-of-the-art models become overconfident or unreliable when conditions change [4, 5],
and such failures often cannot be detected without targeted experimental evaluation. Benchmark accuracy alone is insufficient to
establish reliability under distributional shift, rare events, or feedback effects induced by deployment. Carefully designed experiments
determine which data reveal these weaknesses, and how to learn from them efficiently. This matters not only for post hoc testing, but
for designing data-collection and evaluation regimes that expose problems before systems are deployed at scale. This is particularly
important in high-stakes domains such as healthcare, finance, transport, and energy, where errors can propagate rapidly once systems
are deployed at scale. These issues have become more salient as regulators increasingly demand explanations that go beyond
correlations, particularly for automated decision systems that affect individuals and communities [6].

Bias and unfairness in Al systems likewise cannot be resolved simply by using larger datasets or more complex models. Poorly designed
data collection and evaluation can entrench discrimination even when headline fairness metrics improve [7]. Experimental design
provides the tools for rigorous auditing of Al systems and for evaluating interventions intended to improve fairness. Such methods are
increasingly central to policy-relevant evaluation of algorithmic systems and are reflected in emerging Al governance frameworks [8].

Looking ahead

Many of the hardest problems in Al, such as generalisation, fairness, and accountability, are now constrained less by modelling
capacity than by the absence of rigorous experimental design as standard practice. Experimental design already plays a central role in
modern Al, but there remains substantial scope for wider and more systematic use of its classical principles. Work on active learning,
Bayesian optimisation, and causal discovery formulates the choice of data, interventions, and experimental allocation as optimisation
problems under budget and uncertainty constraints. These methods extend classical ideas from sequential and optimal design to the
high-dimensional models and complex data-generating processes used in modern Al systems [9, 10, 11, 12].
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Fluid dynamics
What is fluid dynamics?

Classical mathematical fluid dynamics studies the motion of fluids (liquids and gases), treating the fluid as a continuum and analysing
quantities such as velocity and pressure using vector calculus under a range of physical assumptions. The basic equations governing
fluid motion have been studied by mathematicians ever since Claude-Louis Navier in Paris and George Stokes in Cambridge formulated
them about 200 years ago. Motivated by their extraordinarily broad range of applications, the search for exact and approximate
solutions of the Navier-Stokes equations became one of the dominant activities of applied mathematicians in the UK in the 20th
century.
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Established applications

Computational simulations of mathematical models of fluid flow are essential in applications ranging from weather prediction to
assessment of nuclear reactor safety. Over the past 50 years, advances in simulation capability have transformed the design of
fuel-efficient aircraft; indeed, computer-based aerodynamic modelling is now integral to the design of all modern vehicles. Sail
configurations on racing yachts can now be optimised in real time, providing the marginal gains needed to win races in the America’s
Cup. Optimised aerodynamics helps modern cyclists ride faster, golf balls travel further, and elite swimmers reduce drag. Computational
fluid dynamics enables the modelling of the flow of blood in the human heart, making the provision of patient-specific surgery possible.

One important success of conventional modelling approaches is the prediction of fluid-flow bifurcations. Laboratory experiments
of fluids that are heated from below can easily be designed to show that a tiny change in the ambient temperature can resultin a
completely different flow profile. Vortices seemingly created by magic in air flowing over a flat terrain can be predicted by studying
solutions to the Navier-Stokes equations.

Fluid dynamics meets Al

Driven by the Al revolution, the use of high-performance computers to simulate fluid flow has exploded over the past decade. A central
ambition is that fluid flows may be predicted more efficiently by learning from data than by relying solely on conventional approaches
based on generating approximate solutions to the Navier-Stokes equations.

Weather forecasting provides a good example of combining fluid-dynamical modelling with Al: rather than numerically integrating
the governing equations on a fine grid, an Al model can learn an efficient approximation to the time-evolution operator governing
atmospheric dynamics. The training data comes from decades of numerical weather-prediction outputs that have already been cor-
rected through data assimilation, meaning they encode both the governing equations and the statistical structure of real observations.
In effect, the Al model learns a reduced, data-driven representation of the underlying flow map, one that preserves the large-scale
dynamical behaviour while bypassing the computational cost of solving the full system of governing equations.

A key issue still to be faced, however, is that pure Al approaches to fluid-flow simulation do not necessarily respect the underlying
physics. Such inconsistencies are evident in computer games, where it is often obvious to the naked eye that the motion of the
fluid is unrealistic. The risk is that naive Al predictions of flows generated solely from data may violate physical constraints or exhibit
impossible scenarios. This is especially concerning in the prediction of extreme or safety-critical events, such as tornadoes or tsunamis.

Physics-informed neural networks (PINNs) have been a prominent development at the interface of Al and scientific computing over the
past decade. This illustrates a recurring pattern in scientific Al: the greatest gains often come not from replacing mathematical models,
but from combining them with data-driven approximations in carefully structured ways. When applied to fluid flows, these methods
incorporate the Navier-Stokes equations directly into the training objective by enforcing them at a suitably dense grid of points in
space and time. In realistic fluid settings, however, these methods have often struggled to compete with conventional approaches:
accuracy, convergence, and stability can all be sensitive to the choice of training strategy and to the selection of spatial and temporal
collocation points.

Looking ahead

A promising strategy is to combine physics-based modelling with observational or imaging data. A variety of such combination
strategies are being actively developed. Such hybrid strategies may be perfectly suited to biomedical and biological problems where
fluid flows cannot be measured or imaged using conventional technology. This marriage of established mathematical modelling and
new Al methods holds promise for the efficient computation of physically realistic fluid flows across a wide range of practical settings.
The continued development of refined mathematical models of complex fluids is likely to be critically important if the promise of Al'in
this area is to be realised.
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Graph theory

What is graph theory?

Graph theory is the mathematics of connection. A graph is a mathematical abstraction of a network where dots, called vertices, are
joined by lines called edges. Graphs can capture a wide variety of real-world systems; for example, they can represent a social network
of people connected by friendships, a rail network of stations connected by rail lines, or a family tree. The edges may have a direction,
for example in the case of a family tree where the direction indicates that one vertex is a parent and the other their child. Graph
theorists study many different aspects of these graphs, including, for example, what causes different kinds of graphs to have important
properties, or how to solve optimisation problems on them.

Established applications

Graph theory has contributed to a wide variety of real-world applications. Graphs have helped us model and understand biological
systems in general [1, 2], and evolution in particular [3, 4]. Modelling the brain as a graph is an important tool in neuroscience [5] for
understanding brains and developing interventions. Molecules and crystals can be modelled as graphs [6, 7], which helps us simulate
and infer their structure and interactions. Modelling infectious disease continues to be a critical component of UK health security:
accurate models that incorporate real contact patterns require graph theory [8]. Graph theory also contributes to information security
via cryptography [9, 10]. The UK is a world leader in quantum computing, which presents a vast opportunity for the future of what it is
possible to compute. Graph theory is foundational to both quantum algorithms and the technology of quantum computing itself [11,
12].

Graph theory meets Al

Graph theory is critical to modern Al: from efficiency to capability and explainability. For example, fundamentally, neural networks
are graphs and understanding them and their behaviour requires graph-theoretic ideas. And considering data as graphs (e.g., as a
graph database or via topological data analysis [13]) allows Al methods to get the best value from the data. Graph traversal methods
and algorithms continue to be keystone building blocks for Al [14, 15]. Recent research shows that large language models—a form of
generative Al that is seeing extremely broad application—can be improved in quality and efficiency by modelling parts of them as
graphs [16].

Looking ahead

As Al methods make an ever-larger contribution to decision-making, trustworthiness, explainability, and understanding of bias become
critical. Analysis using graph theory allows formal reasoning about the Al methods [17, 18], which can help us make guarantees about
how they behave and why. In turn, Al has significant potential to accelerate graph theoretic discovery. Al tools are now assisting in
mathematical investigation via supporting reasoning as well as simulation. Graph theory has particularly strong representation in
formalised mathematical language libraries such as LEAN, which makes it especially suitable for application of Al methods to proving
novel results.
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Information theory

What is information theory?

Information theory [1, 2] is the branch of mathematics that helps us understand the foundations of information processing tasks such
as quantifying, encoding, and transmitting information. On the one hand, it provides principled mathematical methods to obtain
fundamental limits of such problems (especially in the presence of noise and uncertainty). On the other hand, the theory provides
insights that help us devise algorithms that approach these limits.

Established applications

Your mobile phone, your computer, internet communications, digital music and video, and even QR codes: all these rely on concepts
from information theory to understand, on the one hand, the absolute limits beyond which performance for metrics such as stor-
age/communication speed/data fidelity is impossible, and on the other hand, squeeze optimal performance out of these systems [3, 4,
5, 6]. This can be true even in fields with no obvious connection to information technology, such as evolutionary biology, linguistics,
neuroscience, and economics [7, 8, 9, 10]. Often, understanding the flow of information through complex systems can provide an
insightful lens into the behaviour of these systems.

Information theory meets Al

In a world in which Al plays an ever more important role, information theory presents an invaluable toolkit. Current Al systems, with
their complex multi-layer and non-linear structure are notoriously hard to understand and optimise for performance. Often, they
behave essentially like black boxes, resulting in a whole host of issues. For example, it is hard to gain insight into what architectures
and operations might lead to better performance, or indeed what the fundamental limits of performance might be with a given
amount of training data or computational power. Information theory can help us to understand the information-processing limits of
systems, and hence whether improved performance is possible, and how to achieve those improvements.

Having explainability in Al is also important when these systems are used to make decisions impacting people’s lives—for instance
when used within criminal justice. Also, data used during training can be inadvertently “memorised” by Als, leading to intellectual
property issues. Information theory provides tools to explore such issues [11].

Looking ahead

While information theory does not offer a silver bullet, it can nonetheless provide an intellectual framework to help us think about
these issues and understand trade-offs. As systems grow more complex, information theory provides a way to measure what they
“know” and how they “know” it; to understand why some models generalise well and others saturate/overfit; and to reason about
noise tolerance and how to improve it [12, 13, 14].

References
[1] C.E.Shannon. “A Mathematical Theory of Communication”. In: Bell System Technical Journal 27.3-4 (1948), pp. 379-423,
623-656.

[2] T.M.Coverand J. A. Thomas. Elements of Information Theory. Wiley, 1991. 1SBN: 9780471062592.
[3] A Goldsmith. Wireless Communications. Cambridge University Press, 2005. 1SBN: 9780521837163.001: 10.1017/CB09780511841224.

15 © Academy for the Mathematical Sciences | www.AcadMathsSci.org.uk | June 2026


https://doi.org/10.1038/nature13460
https://doi.org/10.1038/nature10770
https://doi.org/10.1140/epjds/s13688-017-0109-5
https://doi.org/10.1140/epjds/s13688-017-0109-5
https://doi.org/10.1016/S0065-2458(00)80019-4
https://doi.org/10.1609/AAAI.V38I16.29720
https://doi.org/10.3233/SW-190374
https://doi.org/10.3233/SW-190374
https://doi.org/10.1017/CBO9780511841224

[4] 1.S.Reedand G. Solomon. “Polynomial Codes over Certain Finite Fields”. In: Journal of the Society for Industrial and Applied
Mathematics 8.2 (1960), pp. 300-304. bol: 10.1137/0108018.
[5] S.B.Wickerand V. K. Bhargava, eds. Reed-Solomon Codes and Their Applications. Wiley-IEEE Press, 1999. 1sBN: 9780780353916.
[6] A.S.Downs, N.P. Sigmon, and R. E. Klima. “The Mathematics of QR Codes”. In: Proceedings of the Asian Technology Conference
in Mathematics. 2021, pp. 145-159.
[7] C.Adami. “The Use of Information Theory in Evolutionary Biology”. In: Annals of the New York Academy of Sciences 1256.1 (2012),
pp.49-65.001:10.1111/3j.1749-6632.2011.06422.x.
[8] F.Riekeetal. Spikes: Exploring the Neural Code. MIT Press, 1999. 1SBN: 9780262681087.
[9] C.E. Shannon. “Prediction and Entropy of Printed English”. In: Bell System Technical Journal 30.1 (1951), pp. 50-64. DOI:
10.1002/3j.1538-7305.1951.tb01366.x.
[10] C.A Sims. “Implications of Rational Inattention”. In: Journal of Monetary Economics 50.3 (2003), pp. 665-690. boI: 10.1016/
S0304-3932(03)00029-1.
[11] S.Bombari, M. H. Amani, and M. Mondelli. “Memorization and Optimization in Deep Neural Networks with Minimum Over-
Parameterization”. In: Advances in Neural Information Processing Systems 35. Curran Associates, Inc., 2022, pp. 7628-7640.
[12] A Xuand M. Raginsky. “Information-Theoretic Analysis of Generalization Capability of Learning Algorithms”. In: Advances in
Neural Information Processing Systems 30. Ed. by |. Guyon et al. Curran Associates, Inc., 2017, pp. 2524-2533.
[13] R.Shwartz-Zivand N. Tishby. “Opening the Black Box of Deep Neural Networks via Information”. In: (2017). arXiv: 1703.00810
[cs.LG].
[14] S.Bombariand M. Mondelli. “Spurious Correlations in High Dimensional Regression: The Roles of Regularization, Simplicity Bias
and Over-Parameterization”. In: Proceedings of the 42nd International Conference on Machine Learning. Ed. by A. Singh et al.
Vol. 267. Proceedings of Machine Learning Research. PMLR, 2025, pp. 4839-4873.

Inverse problems

What are inverse problems?

Imagine you hear a crash in the kitchen. You didn’t see it happen, but by observing the shattered glass on the floor, you deduce that
the cat knocked over a vase. Congratulations, you have just solved an inverse problem: working backward from an observed effect to
identify the hidden cause. While mathematics often considers “forward” problems, like predicting where the vase will fall when the cat
hits it with a certain force, the real world cares almost exclusively about the “inverse”. Doctors do not want to simulate how X-rays
travel through a healthy body; they want to take the X-ray data and reconstruct the hidden image. Inverse problems underpin medical
imaging, remote sensing from satellite data, materials discovery, and astrophysics [1]. In all these fields, they turn out to be the only
means of observing or testing otherwise inaccessible phenomena, bringing together physics, data, optimisation and uncertainty. The
discipline consists of a rigorous toolkit—regularisation theory, stability analysis, variational methods, and associated optimisation
techniques [2]—developed to overcome the inherent ill-posedness of the inverse problems and select solutions that are not only
mathematically admissible, but also physically meaningful.

In the age of Al, one might assume these classical tools are becoming obsolete. The reality is the opposite: skills developed in inverse
problems are critical for Al in at least two fundamental ways.

Inverse problems and Al

Leaving aside the classical examples, training a neural network is, at its core, a massive, high-dimensional inverse problem: given
examples of inputs and outputs (training data), we seek model parameters that could have generated them. A reason modern Al models
can be trained at all is the pervasive use of regularisation—a core concept born and bred in inverse problem theory. Regularisation,
both explicit and implicit, is what prevents models from simply memorising training data. Regularisation techniques such as weight
decay, or early stopping in iterative optimisation algorithms for training neural networks, have direct analogues in classical inverse
problem solvers. A striking example is Maximal Update Parametrisation (uP), now widely used to transfer hyperparameters from small
proxy networks to billion-parameter models [3]. This analysis of how parameters should scale is, in essence, a regularisation and
stability argument. It enabled reliable training of massive models and underpinned the empirical "scaling laws" that drive today’s Al
[4]. Understanding why learning converges, what kinds of solutions Al systems are biased towards, and why they hallucinate requires
exactly the inverse-problems toolkit: stability, convergence, and sensitivity analysis for highly ill-posed inference tasks. Without this
mathematical foundation, scaling up Al is like building skyscrapers without understanding the physics of steel.

Beyond the training of models, we are witnessing a rush to apply Deep Learning to solve real-world inverse problems: creating faster
MRI scans, lower-radiation CTs, higher-resolution microscopy and satellite imaging, and more efficient scientific experimentation [5].
These benefits are real and already in use: for instance, Al-accelerated MRI reconstruction has reduced scan times by factors of 2-10
in clinical pilots [6, 7], and Al-based deblurring and denoising are now standard in commercial microscopes and telescopes [8, 9,
10]. At the same time, using deep learning for inverse problems carries significant risks if it is not grounded in proper mathematical
modelling. There are now many published examples where Al reconstructions of MRl and CT images introduce or remove structures
that are not present in the raw data, yet the results look entirely plausible [11]. Such systems can also fail unpredictably on rare or
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out-of-distribution cases and encode hidden biases that distort scientific or clinical conclusions. Crucially, these failures are often
silent: the images appear convincing, and nothing in the output signals that anything has gone wrong.

Here, too, mathematics provides the guardrails. Inverse problem theory has already delivered concrete tools to make Al-based
reconstructions safer: data-consistency layers and physics-informed network architectures enforce reconstructions that actually
explain the measured data, ruling out many hallucinations by design [12]. It allows us to ask and answer questions such as: How
sensitive is this reconstruction to noise or model mismatch? Under what conditions can we guarantee that an Al-generated image
reflects reality rather than artefacts or statistical hallucinations? Without such guarantees, Al-based scanners and sensors risk giving us
beautiful pictures that are scientifically or clinically misleading, leading to incorrect scientific discoveries, misdiagnoses, unnecessary
or inappropriate medical interventions, and overreliance on unreliable automated decision systems. A language model hallucinating
a citation is annoying; an Al system hallucinating a tumour is dangerous.

Looking ahead

Al'is moving rapidly from impressive demonstrations to critical infrastructure for science, healthcare, and industry. Its true power
does not lie in chatbots that write poetry, but in tools that accelerate scientific discovery and support high-stakes decisions: from Al
systems attacking unsolved mathematical problems [13, 14, 15] to massive investments by industry leaders into biology, physics,
and beyond [16, 17, 18, 19]. To make this transition safely, we need more than larger models and more data: we need the deep
mathematics of inverse problems to understand when Al-based reconstructions are trustworthy, to design methods that respect
physics and uncertainty, and to develop verifiable guarantees of robustness, fairness, and reliability [5].
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Machine learning

What is machine learning?

Machine learning is the development and study of computer algorithms for collecting and processing data to draw conclusions and
make decisions [1, 2]. There is an overlap with statistics, but with a particular focus on actively seeking data, making predictions and
taking decisions [3]. Research in this area typically starts from a problem specification stating the type of data available, and the task
to be performed. Outputs are algorithms to use the data to perform the task, and theory describing how well we might expect to be
able to carry out the task.

Established applications (machine learning meets Al)

Theengine of modern Al is the suite of methods delivered by machine learning. A prominent example is in the recommender algorithms
used to power the personalised internet [4]: machine learning methods learn individuals’ preferences and choose appropriate content,
products, and adverts to display. Several different machine learning methods were brought together in the training cycle of DeepMind’s
breakthroughs, including reinforcement learning to update behaviours based on experience [5], Bayesian optimisation for parameter
tuning [6], and deep neural network training for function approximation [7]. When combined with computer science contributions to
gather and process vast quantities of data, these approaches have resulted in the large language models that are the most prominent
current Al methods.

Looking ahead

The only constant in Al research is that nothing is constant. New machine learning techniques will be required to develop the next
generation of Al methods. One stream of research is to ensure that learning systems are as efficient as possible: the arrival of DeepSeek
[8] rocked our assumptions about how much compute is required to train a high-performance system [9], and efficient machine learning
approaches can contribute significantly to further developments in this area. An obvious gap in the current machine learning toolkit is
the ability to deal with data that has complex structure; future machine learning methods will be devised to work with structured data,
such as architectural plans or computer systems designs [10, 11], in contrast to flat images and texts. And in current approaches there
is usually an implicit assumption that each data point is independent of the others; a similar independence assumption underpinned
the banking collapse in 2008 [12], and it is important that we develop methods to robustly handle non-independent, and perhaps
even machine-generated training data, otherwise future Als will be unpredictably fragile [13].

Afurther critical contribution from machine learning, alongside statistical theory, uncertainty quantification, and information theory,
will be an understanding of the limitations of what can be reasonably achieved by a learned system [14]. This will allow us to deploy
our Al tools in the knowledge of their limitations, instead of blindly assuming that they are completely capable.
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Mathematical analysis

What is mathematical analysis?

Mathematical analysis explores the profound properties and behaviours of mathematical functions and structures. It provides the
techniques to reason about whether objects (for example videos or audio files) are close together or far apart. By considering limits,
continuity, and infinite processes, analysis uncovers principles that govern everything from the simplest shapes to the most complex
systems.

Established applications

Analysis underpins the whole of the mathematical sciences, providing the core machinery upon which the discipline is built. Beyond
this, some of the current most immediate applications of analysis include financial modelling, where analytical tools are used to
evaluate financial instruments, and computational fluid dynamics, where analysis allows researchers to determine whether their
simulations are being carried out at a sufficiently high fidelity to be meaningful.

Analysis meets Al

Al'may appear to be powered purely by data and computing power, but beneath the surface lies a deep mathematical structure. Far
from being abstract or detached from reality, analysis provides the language and tools that make modern Al possible. There are two
main reasons why mathematical analysis is essential in today’s Al-driven world.

First, Al systems work in extraordinarily high-dimensional spaces. A high-resolution image, for example, contains millions of pixels; a
short video contains vastly more data; even a sentence is represented internally as a large collection of numbers. To generate new
images, write text, or simulate realistic data, Al systems rely on probability. They learn a complex probability distribution that describes
what “realistic” data looks like, and then they sample from that distribution to produce new content. But high-dimensional probability
is notoriously subtle. How do we represent such complex distributions? How can we efficiently generate new samples from them?
How can we ensure that the generated output truly reflects the patterns in the data? Answering these questions requires powerful
tools from probability theory and mathematical analysis.

Second, Al uses optimisation in a fundamental way. When a model learns to recognise handwritten digits or translate between
languages, it does so by adjusting itself to reduce error. In essence, it measures how far its predictions are from reality and then tries to
minimise that discrepancy. Mathematics provides the framework for defining what “error” or “distance” means and for systematically
reducing it. Fields such as optimisation theory, calculus of variations, and partial differential equations (PDEs) give us the machinery
to analyse and solve these problems. They allow us to understand not just how to train a model, but why certain training procedures
work, when they converge, and how stable they are.

Looking ahead

One particularly difficult challenge in Al'is sampling from complex probability distributions in very high dimensions. Many modern
algorithms tackle this problem by simulating large collections of interacting “particles” whose collective behaviour approximates the
desired distribution. While this may sound abstract, the idea is intuitive: instead of trying to describe a complicated distribution directly,
we simulate many simple agents whose interactions produce the right global pattern. The mathematics behind these methods studies
how these particle systems behave over time, whether they converge, how fast they do so, and under what conditions they remain
stable. By minimising measures of discrepancy between probability distributions, such as the Kullback-Leibler divergence from
information theory, researchers unify ideas from optimisation, sampling, and data filtering into a single conceptual framework.

Even the architectures behind large language models, such as Transformers, can be viewed through this analytical lens. These
systems consist of many layers of interacting components that transform data step by step. Recent research suggests that their
internal dynamics can be interpreted as large systems of interacting elements governed by equations familiar from mathematical
physics. When examined at a larger scale, these systems often give rise to partial differential equations, revealing hidden structures
and regularities. Why does this matter? Because understanding these mathematical structures is the key to moving beyond trial and
error. Rigorous analysis can help us design more reliable algorithms, predict their behaviour, improve their stability, and ultimately
provide guarantees about their performance.
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Mathematical modelling, validation, and verification

What is mathematical modelling?

Mathematical modelling involves building a mathematical representation of a real-world situation or system and using it to inform
decisions or assess performance. The full breadth of mathematical sciences is employed in modelling, from discrete and continuous
mathematics to logics and statistical methods.

Established applications

Examples are very broad, from the life sciences to finance, transportation, computer networks, and public health, to name just a few.
With any model, it is important to have confidence that it is fit for purpose as designed (validation) and that it has been implemented
as intended (verified). Validation and verification improve trustworthiness of a model, and thus decisions taken based on them.
Models are very often approximate, in that they do not include every piece of detailed knowledge about the system, and are always
provisional, in the sense that they may need to be updated or modified as new knowledge becomes available. Validating a model
involves looking carefully at its assumptions and checking that they are justified in the context in which the model is intended to be
used. Verification involves carefully testing the implementation of the model (almost always in software) and correcting any bugs or
inaccuracies that could compromise the confidence in decisions that are guided by the model’s output. It is often very difficult to be
sure that all ‘edge cases” have been explored.

Mathematical modelling meets Al

Al provides powerful new tools for mathematical modelling. It offers the prospect of creating more complex models, creating them
more quickly, and being able to iterate or update them more quickly. However, the capability to create models is going to outstrip the
capability to validate and verify them. The traditional tasks of validation and verification make a distinction between the model (which
is to be validated) and the implementation (which is to be verified). In an Al world, there is a very real sense in which the model IS the
implementation. The distinction between validation and verification then becomes blurred. What does it even mean to validate or
verify an Al model? These remain important open questions.

Looking ahead

In applications where decision-making processes require rigorous governance and audit trails, the successful widespread take-up of
Al-based modelling will be held back unless these questions about validation and verification are answered. Even seemingly simpler
questions currently have no accepted answer. For example, how should we assess whether two Al-generated models are different from
each other? Questions such as these are stepping stones on the way to addressing the key challenges of validation and verification.
The relevant areas of mathematics will be drawn from multiple branches, but especially statistics, optimisation and graph theory.

Numerical analysis

What is numerical analysis?

Numerical analysis is a pivotal field of mathematics that has evolved alongside digital computing, focusing on the design, testing,
and rigorous investigation of algorithms that solve mathematical problems. This discipline assesses the efficiency, reliability, and
limitations of algorithms, providing crucial insights into their capability to handle complex calculations. The advances in numerical
analysis over the past half-century have underpinned significant developments in various applications, including weather forecasting,
aerospace, and civil engineering. However, unlike the algorithms used in these traditional areas, those in Al often lack the same level of
understanding and quality guarantees. This results in vulnerabilities where Al systems can be misled into providing incorrect outputs,
a situation analogous to hallucinations or optical illusions. Examples include:
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« Automated driving systems misinterpreting traffic signs due to minor alterations.

« Al-based facial recognition systems being deceived by altered glasses.

« Medicalimaging Al being tricked into recognising spurious patterns.

« Interpretation methods for Al decisions being attacked.

« Large language models (LLMs) producing inappropriate content through crafted prompts.

By applying the tools of numerical analysis, researchers can better understand these vulnerabilities, assess their inevitability, and
explore potential remedies, which is particularly relevant for enhancing the security and reliability of Al systems in practice.

Established applications

Numerical analysis has established itself as foundational in many critical fields, driving innovations such as:

Weather forecasting: algorithms that simulate weather patterns for accurate predictions.

Aerospace engineering: techniques that ensure the safety and efficiency of flight systems.

Generative Al: methods that support creation of text, images, and scientific designs, which continue to grow in complexity and size.

Demand for efficient algorithms is increasing due to the resource-intensive nature of generative Al; recent developments like Neural
Ordinary Differential Equations (Neural ODEs) showcase the capacity to streamline memory and energy use during model training.

Numerical analysis meets Al

As Al systems increasingly permeate multiple sectors, the principles of numerical analysis have become integral to their development
and optimisation. The challenges of growing model sizes and computational demands necessitate smarter algorithms, leading to
significant improvements in memory and energy efficiency, thus enabling large-scale applications without overwhelming hardware
requirements. Specific examples include:

« MALI: A memory-efficient integrator that reduces computational costs during training [1].
« ClimODE: A framework leveraging Neural ODEs for climate forecasting with fewer parameters [2].

« EARTH (Epidemiology-Aware Neural ODE): A model that outperforms traditional methods in predicting disease spread [3].

Looking ahead

Innovations not only enhance efficiency but also foster compliance with emerging regulations, supporting verifiability and explainability
in Al systems. Investing in numerical analysis methods is essential to avoid inefficiencies and ensure a competitive edge in responsible
Al development. The potential in the context of Al continues to expand, with several key areas for future exploration:

Development of advanced algorithms: focusing on creating more efficient numerical methods that can address the computa-
tional demands of complex Al systems.

Regulatory compliance: ensuring that Al applications meet emerging regulations, particularly in high-stakes domains, in which
understanding and transparency are critical [4, 5].

Democratisation of Al tools: techniques like model reduction and approximation theory can lead to smaller, more agile Al systems,
making large-scale tools accessible to a broader range of developers and applications.

In summary, numerical analysis is vital for the continued advancement of Al, providing the necessary frameworks and guarantees that
enhance the adaptability, reliability, and transparency of Al systems while addressing emerging challenges in the field.
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Optimisation theory

What is optimisation theory?

The field of optimisation theory develops tools to find the best solution to a problem from a set of choices. Finding the maximum of a
function, such as a quadratic equation, is an optimisation task. Finding the routing tables that make the internet as robust and stable
as possible is also an optimisation task. Of course, one of these tasks is much simpler than the other, but both can be addressed using
optimisation methods. The field uses ideas from calculus, analysis, graph theory and numerical analysis, and provides algorithms that
find the best possible inputs given a careful description of the problem.

Established applications
Optimisation has been used in a vast range of important areas, including:
« deriving the least cost diet that meets nutritional needs for the US Army in World War II;

« investment diversification in portfolio optimisation, being a solution of the optimisation problem of maximising the expected
return for a given level of risk;

« warehouse and distribution optimisation for retail giants such as Tesco and Amazon;
« medical treatment optimisation, finding the regime that delivers minimal side effects while maximising the clinical benefit; and

. finding the statistical model that best fits a given set of data.

Optimisation meets Al

Large language models (LLMs), of which ChatGPT is the most well-known, are one of the Al tools most used by individuals and
companies. An LLM is an example of a neural network, in other words, a computer construct that simulates the operation of the human
brain. The success of a neural network in providing good answers depends on finding effective settings for its internal connections,
and this is achieved during training using optimisation algorithms. This leads to the question: How can we find the best-possible
set of connections for a neural network? This is an optimisation problem because the network can be completely described using
mathematical formulae, and an optimisation algorithm can then be used to find the optimal (i.e., best-possible) choice of connections.
As Al grows in importance, so do the optimisation algorithms that are vital for its success, and progress on the algorithms directly
improves the performance of Al tools. Recommended references are the book [1] and the article [2] on the most popular optimisation
method, called Adam, cited more than 230,000 times.

Once we have an Al tool that works well, we may be interested in understanding why the answer it gives may not be the answer we
expected. There is the known problem of “hallucinations” which means that the answer is nonsense. However many applications of
Al are based on giving yes/no answers to questions, for example deciding whether the bank should approve a loan application or
whether a job application should be shortlisted for interview. Suppose an application is rejected; we may want to know (or be legally
required to justify) why the Al made this decision. One way to explain the decision is by asking for a counterfactual: What part or parts
of the application need to change for the outcome to change? For the example of a loan application, the counterfactual may involve
having a higher income or owing less money on other loans. It is often of interest to ask more specifically: What is the smallest change
to the application that would change the decision? This is again an optimisation problem. Recommended references are the surveys
[3] and [4].

Asimilar but different question is: Is there a way to change the connections in the Al so that it makes decisions that are “wrong”? For
example, can we mislead the Al into approving a loan that should be rejected? Moreover, is it possible to do this in such a way that
the Al user, the loan provider in our example, is unaware of the change? The answer is yes, and one way to do this is via poisoning
attacks. These attacks take place by changing the data informing the optimisation that sets up the connections, in such a way that the
outcome of the optimisation and the resulting Al network is different. Perhaps surprisingly, researchers have shown that optimisation
can be used to design such “attacks’, or alternatively, to test the ability of the Al to resist such attacks. Recommended references are
the survey [5] and the very recent article [6].
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Looking ahead

Since optimisation lies at the core of Al, future developments in Al will rely on, and inspire, new developments in optimisation theory.
In fact, very many of the current questions around Al safety, reliability and security can, and will be, formulated as optimisation
problems.
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Physics-informed modelling

What is physics-informed modelling?

There is a strong history of mathematical models being developed to describe and understand physical phenomena: from Newtonian
mechanics to quantum physics. Recently, the terminology “physics-informed modelling” has been used to describe a powerful
framework for combining modern data-driven machine learning with physical laws that describe how the real world works. Rather
than relying on data alone, these models are guided by physical principles that are formulated mathematically, often as differential
equations, and that have been tested and refined over centuries.

Established applications

The approach of physics-informed modelling is especially important in real physical systems, such as robots or vehicles, or to
understand and predict complex systems, including climate and Earth systems, biological organs, or the behaviour of plasma in
nuclear fusion reactors.

Many critical real-world problems are constrained by limited, costly, or imperfect data. Measurements may be expensive (for example,
medical imaging or environmental monitoring), difficult or impossible to obtain directly (such as inside the Earth, a living cell, a star, or
a nuclear reactor), and are often noisy or incomplete. In some cases, multiple explanations may fit the available data equally well. By
embedding physical laws and statistical inference principles directly into the modelling process, physics-informed approaches rule
out physically implausible solutions, reducing the risk of fitting data while violating physical consistency. This leads to predictions that
are more reliable when data are scarce, and more resilient under changing or uncertain conditions. As a result, physics-informed
modelling is essential for building robust, efficient, and credible decision-support tools.

Physics-informed modelling meets Al

Whereas statistical inference focuses on identifying the correct model that connects input to output, machine learning approaches
focus on making output predictions based on inputs. When models respect physical reality, they are easier for scientists and engineers
to trust, interpret, explain, improve, and adopt in practice, making them particularly valuable for scientific and engineering applications
of machine learning.

Physics-informed modelling also plays a central role in emerging uses of generative Al for physical systems, including so-called digital
twins: virtual replicas of real-world systems. Digital twins are transforming engineering and manufacturing by enabling the design,
optimisation, and evaluation of new materials, products, and services in simulated environments that respect physical constraints.

Looking ahead

Physics-informed modelling brings together scientific knowledge, statistical inference, and modern machine-learning capabilities to
support decisions based not only on data, but also on the fundamental laws that govern the world. By combining machine learning
with the mathematical sciences that underpin reliable modelling, these approaches help produce predictions that are more robust,
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credible, and trustworthy in real-world settings. For example, future robotic systems and autonomous vehicles will increasingly be
trained and tested using data generated in realistic, physically consistent virtual environments.
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Statistical theory

What is statistical theory?

Statistical theory is the branch of mathematics that explains how we can learn reliably from data when certainty is impossible and
the cost of erroris real. Its value becomes clearest not in calm conditions, but under pressure. As documented in [1], during the
Second World War, statisticians were asked questions that could not be answered by experimentation alone: how to armour aircraft
so pilots were more likely to return alive; how many weapons must be tested before concluding a new design was safer or more
dangerous; how to set proximity fuses so artillery shells exploded at exactly the right moment. Their answers were not academic.
Fighter planes entered combat using their calculations; rockets were approved or rejected on their advice. As one participant later
recalled, when recommendations were made “things happened—and maybe the pilots came back or maybe they didn’t” Statistical
theory transformed fragmentary data, uncertainty and urgency into decisions that could be justified and lived with, rather than guessed
at.

Established applications (statistical theory meets Al)

Today’s Al systems operate under the same conditions: imperfect data, uncertainty and irreversible consequences, but now decisions
are executed automatically, at scale, and often without meaningful human intervention. This is why statistical theory is central to Al
safety: itis the discipline that asks not only whether a system works on average, but how often it fails, how badly it fails, and who bears
the cost when it does.

The most visible risks of Al today—loss of privacy, unfair or discriminatory outcomes, and overconfident systems deployed beyond
their limits—are not peripheral concerns but safety failures in precisely this sense. An Al system that leaks sensitive personal data,
systematically disadvantages particular groups, or produces confident but wrong outputs in unfamiliar settings, is not merely imperfect,
it is unsafe. Statistical theory provides the tools to confront these risks before they cause harm. It makes privacy quantifiable rather
than aspirational, reveals unavoidable trade-offs between different notions of fairness, and equips practitioners to measure uncertainty
and detect when models are operating outside the conditions for which they were designed. Without these foundations, calls for
trustworthy Al amount to intentions without enforcement.

Privacy provides a clearillustration of why statistical theory is indispensable rather than optional. Modern Al models can unintentionally
memorise and reveal sensitive information, making informal assurances of privacy meaningless. Statistical theory makes privacy
precise by defining how much information about any individual can be inferred from a system’s outputs, even by an adversary with
substantial background knowledge. Techniques such as differential privacy arise directly from this work, offering provable bounds on
information leakage while preserving utility [2]. Without continued advances in statistical theory, privacy protections cannot keep
pace with increasingly powerful models, and assurances of safety collapse into trust-based promises.

Fairness poses an even more uncomfortable challenge. In high-stakes applications, Al systems influence access to jobs, credit,
healthcare, and public services. Statistical theory shows that fairness is not a single objective but a set of competing criteria that
cannot all be satisfied simultaneously. This is not a moral failure of Al, but a mathematical reality. The value of theory is that it exposes
these trade-offs clearly, enabling transparent governance rather than hidden bias. Statistical methods also reveal how unfairness can
arise even when sensitive attributes are excluded, through correlations embedded in data and feedback loops created by deployment

(3.

At the same time, statistical theory is not only defensive: it is also a driver of innovation in Al itself. Diffusion models, which underpin
some of the most striking recent advances in generative Al, are built on explicitly statistical foundations. Their success relies on
understanding how noise can be injected and removed in a controlled way, how probability distributions can be learned through
score matching, and how stochastic processes evolve over time [4]. Statistical theory explains why these models are stable, when they
generalise, and how they can be extended beyond images to scientific simulation and inverse problems. Without this theoretical
understanding, diffusion models would remain fragile heuristics; with it, they become reliable, extensible tools.
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Looking ahead

Taken together, these examples point to a single conclusion. As Al systems grow more capable, they also grow more consequential,
and the margin for error shrinks. Statistical theory ensures that Al systems can be trusted not just when they succeed, but when
they fail; not just on average, but in the rare cases that matter most. Investment in statistical theory is therefore not an investmentin
abstract mathematics for its own sake. It is an investment in Al systems that are safe to deploy, governable at scale, and worthy of the
confidence society increasingly places in them.
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Stochastic analysis

What is stochastic analysis?

Stochastic analysis studies how random or highly irregular processes evolve over time and influence the systems in which they appear.
Its tools can be used to describe pollen grains moving in water, noisy signals from a sensor, or fluctuating financial prices. Many central
examples are too rough for ordinary calculus. Brownian motion is the classical case, with paths that are, almost surely, continuous but
nowhere differentiable. It0’s breakthrough was to give rigorous meaning to integration with respect to Brownian motion, leading to
the theory of stochastic differential equations. Central objects in the field include Markov processes, martingales, stochastic partial
differential equations, filtering equations, interacting particle systems, and rough paths [1, 2, 3, 4, 5]. A recurring theme is the search for
a state that captures what the past tells us about the future. The point is not to eliminate randomness, but to represent the information
available so far in a form that tells us what can be predicted, inferred, or controlled. Sometimes the observed present is enough. Often
it is not. Hidden variables, noisy measurements, and path dependence mean that relevant information may be distributed across the
past rather than visible in the latest observation. Stochastic analysis encodes that information through filtrations, conditional laws,
filters, Markovian representations, path signatures, and other enriched states.

Established applications

Stochastic analysis is used wherever uncertainty interacts with dynamics. In physics and chemistry, it describes Brownian motion,
molecular fluctuations, Langevin dynamics, diffusion and jump processes, and random forcing. In engineering, it underpins filtering,
signal processing, sensor fusion, and control from noisy measurements. In finance and insurance, it is used to model volatility, risk,
rare losses, interest rates, and path-dependent contracts. In biology and medicine, it helps describe gene regulation, epidemics,
neuronal activity, and biochemical networks. In climate and Earth systems, stochastic models help represent unresolved scales,
propagate uncertainty, and reason about extreme events.

Stochastic analysis meets Al

Modern Al systems are stochastic at many levels. Neural networks are randomly initialised, training data are sampled into mini-batches,
gradients are noisy estimates of ideal gradients, and regularisation may deliberately inject noise. Stochastic gradient descent can
therefore be studied not only as an optimisation algorithm, but as a stochastic dynamical system moving through a high-dimensional
loss landscape [6, 7, 8, 9]. Generative Al gives an even more direct connection. Diffusion models and score-based generative models
add noise to data and train a model to reverse that noising process. In denoising diffusion probabilistic models, this is formulated as a
stochastic Markov chain whose reverse transitions are learned from data [10]. Score-based generative models place the same idea in
continuous time using stochastic differential equations [11]. Neural SDEs extend the stochastic-dynamical viewpoint to path-valued
data, using Brownian motion as input noise and learning continuous-time generative models for time series [12]. Related approaches,
including Schrédinger bridges and stochastic interpolants, view generation as the controlled movement of probability distributions [13,
14]. Understanding when these methods work, miss rare modes, or become unstable is a problem for stochastic analysis. Stochastic
analysis is also important for Al systems that process information over time. A language model does not predict the next token from
the current token alone. It builds an internal representation of the preceding context, and this representation is used to predict the
probability distribution of what comes next [15]. Continuous-time machine learning models, such as neural controlled differential
equations and structured linear CDEs, play an analogous role for irregular streams of data, such as medical records, sensor streams,
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financial data, and climate observations [16, 17]. Rough path theory provides the mathematical foundations for analysing these
continuous-time models [18].

Looking ahead

As Al systems become more autonomous and more closely connected to science, medicine, finance, and physical infrastructure,
their internal randomness and external uncertainty will matter more. We need to know when stochastic training is stable, when
sampling algorithms fail, how uncertainty accumulates through long chains of predictions and decisions, and what information a
learned state has retained or discarded. Stochastic analysis connects optimisation with random dynamics, generative modelling with
stochastic flows, sequence modelling with state construction, and autonomous decision-making with stochastic control. It supplies
mathematical foundations for Al systems whose uncertainty, memory, stability, and failure modes can be understood rather than
merely observed.
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Topology and geometry

What are topology and geometry?

Both topology and geometry study “shapes” from different points of view. Topology considers the connectivity of a shape and ignores
the distances between points. In this view a coffee mug and a doughnut are topologically equivalent because they both have exactly
one hole. In contrast, geometry focuses on the precise relative positions of the different parts of the shape.

Established applications

In recent years, data analysis technigues have developed using both topology and geometry as the foundation. Topological Data
Analysis studies topological features, such as connected components, loops and voids, across all scales in a cloud of unordered points.
Geometric data science allows us to see and measure the difference between real objects, such as a coffee mug and a doughnut, and
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gives rigorous answers [1] to the three fundamental questions about any real data objects: (1) Same or different? (2) If different, by
how much? (3) Where do all real objects live?

Geometric data science: topology and geometry meet Al

Although the space of all objects of a particular type (e.g., all images of a given size) is extremely large, the manifold hypothesis posits
that any realistic data actually lies in a much smaller, lower-dimensional subset of the space. This is what allows Al models to learn
statistical patterns and to generalise from the observed data. Geometric data science allows us to map ambiguous representations of
objects onto a smaller subspace of realisable and invariant data to distinguish what the observations actually represent.

Many objects, ranging from molecules to galaxies, are observed through photograph-style representations, and a newly observed
object can be claimed “new” if this object cannot be related to existing objects. Here geometric methods can be used to measure
distances between objects and find already known near-duplicates [2].

A recent correction in Nature [3] crossed out almost all words “novel” and “discovery” due to a mathematical review using geometric
methods [4]. The problem even impinges on Google DeepMind’s protein folding prediction engine, AlphaFold, which can make
physically unrealistic predictions [5] due to a black-box training on the Protein Data Bank, which geometric tools have shown to
include many atomic clashes and duplicate entries [6].

Looking ahead

Data spaces are often high-dimensional, and understanding the “shape” of data is critical to understand important issues around
safety and trustworthy Al. The huge size of data spaces means that a greedy optimisation can always find a way around manually
designed “guardrails” [7]. Finding off-manifold data is an established mechanism for finding adversarial inputs to Al systems (e.g. [8]):
inputs that look like one thing to humans but are processed as another by the system (a simple example being an image of a cat that
gets classified as a dog). Further understanding and utilising the topology and geometry of data will enhance our understanding of
attacks, defences, and guardrails in Al systems.

Geometric data science can be used to help Al systems to maintain semantic consistency, ensuring that Al responses stay within a
logically sound “manifold”, and hence preventing hallucinations.

Furthermore, since states in forthcoming quantum computers are inherently geometric, future quantum machine learning will need
geometry as its primary “language” of data.
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Uncertainty quantification

What is uncertainty quantification?

Whether deciding to take an umbrella out on a cloudy day or to buy shares in a company, most of our decisions are taken under
uncertainty. After all, it may not rain, or the share price might drop tomorrow. Whether our sense of what is likely or not likely to
happen stems from gut feelings or deep insight into past data, it is a remarkable ability we possess. It not only plays an integral part
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in our daily lives, but many professional endeavours—from doctors to lawyers and financial advisers advising their clients—involve
assessing and processing uncertainty.

However, there is often disagreement about how to assign probabilities to future events, and how to make decisions when faced
with this uncertainty. Uncertainty quantification is the field of mathematics that focuses on the identification and characterisation of
uncertainty in computational and experimental models. It provides methods and language with which to reason about uncertainty in
our models of the world.

Established applications

Uncertainty quantification uses probability and sensitivity analyses, and simulation, to explore the uncertainty in a system. It is integral
to enhancing the robustness and reliability of models and predictions across various scientific and engineering applications. It is used
extensively in engineering design and optimisation, helping engineers to explore and express the uncertainty in the behaviour of their
systems. Itis also a key tool in climate modelling and other predictive models in environmental science; it provides the techniques
that are used to quantify and express the uncertainties presented in future outcomes for our climate.

Uncertainty quantification meets Al

Ideally, like their remarkable ability to explain and reason with difficult logical concepts, Al systems should also possess the ability to
quantify their uncertainty, reason with it, and advise accordingly. Currently, they do not do this well, instead preferring to confidently
provide an answer rather than to exhibit uncertainty. While tools of probability theory and statistics are integral to the training and
running of Al models, they have not yet been well incorporated into the presentation of responses.

Looking ahead

There is enormous untapped potential for uncertainty quantification to be deployed in Al tools. This would allow greater trust to be
placed in the outputs of Al systems; if we have trust in the accuracy estimates a system provides in its answer, then when it tells us it is
99% certain of its answer we can act on that answer with high confidence. In contrast, we should be very sceptical of any answer given
without trustworthy uncertainty quantification, since we simply do not know how much confidence to place in what is stated.

Proper uncertainty quantification is also critical to allow Al systems to become better team members; expressing confidence levels
allows other (human or Al) members of the team to respond appropriately to the outputs that are provided.
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