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The ability to quantify the similarity of stochastic processes is important in a wide range of
areas including communications, simulation, and operational research. Such processes are commonly
modelled as Markov Chains and so a natural way to compare their similarity is to compute distances
between pairs of Markov Chains. We propose a novel distance function on the space of stochastic
matrices that draws on ideas from information geometry. We first show that the Bhattacharyya angle
is an appropriate measure of distance between Markov chain sequences, drawing on examples taken
from healthcare processes and deriving bounds on the convergence of the distance and mixing times.
We then extend these ideas to derive a novel distance measure which enables direct comparison of
the transition matrices themselves. Our result is a true metric which has a closed form and is
efficient to implement for numerical evaluation. In the case of ergodic Markov chains, it is shown
that considering either the Bhattacharyya angle on Markov sequences or the new stochastic matrix
distance leads to the same distance between models.

I. INTRODUCTION

Markov chains are a well studied tool in statisti-
cal physics with numerous applications in communica-
tions [1, 2], simulation [3], queuing [4], and many other
areas. Of particular interest to us is the application
of techniques originating in physical systems that use
Markov chain models to describe operational processes
[5, 6] and other complex phenomena in the healthcare
domain including disease transmission [7–10], general
healthcare services [11–13], mental health [14], commu-
nity care [15], and cost-effectiveness of interventions [16].
These model can influence both healthare outcomes and
inform decisions made by both healthcare profession-
als and policymakers. In healthcare common questions
about operational processes could include: What are the
typical sequence of events when someone enters a hos-
pital in an emergency? Can we redesign an operational
process to be more efficient? How can we compare op-
erational processes to see which are similar or different?
In particular, the UK’s National Institute for Health Ex-
cellence (NICE) regularly publishes guidance and recom-
mendations based on estimating transition probabilities
which model healthcare processes as a Markov chain [17],
with an explicit example being the use of clinical test re-
sults to define a transition matrix with respect to the role
of Peginterferon beta-1a for treating relapsing–remitting
multiple sclerosis [18]. Although applicable to any phys-
ical system described by a discrete Markov chain, it is
this focus on comparing descriptions of health services
which motivates our work here [19–22].

Within the domain of discrete time Markov chains,
much work has been done on quantifying the similar-
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ity between two chains. The most widely used approach
to comparing Markov chains is to consider the proba-
bilities induced on the sequence space they generate, i.e
comparing fixed length sequences of two models to dis-
tinguish different behaviour. Work in this area ranges
from using the Wasserstein distances [23], vectorisation of
(hidden) Markov chain transitions compared with simple
functions (e.g. dot products, cosine angle and the Frobe-
nius distance) [24]. Alternatively, a general approach to
Lp norm–induced distances and the Kullback-Leibler di-
vergence has also been studied [25], extending them to
infinite time runs while exploring their properties of con-
tinuity. With for some specific cases the ability to esti-
mate the distance statistically also studied [26].

Although they have proven useful, the Lp induced dis-
tances considered do not have a natural probabilistic
interpretation, and similarities based on the Kullback-
Leibler divergence might be infinite or very sensitive
to small changes to a stochastic matrix. More for-
mally Kullback-Leibler–type divergences are not true dis-
tances because they sacrifice properties such as symmetry
(quasimetric), identity of indiscernibles (pseudometric)
or the triangle inequality (semimetric). Specifically, the
KL divergence DKL(p∥q) =

∑
i pi log(pi/qi) diverges to

infinity whenever qi → 0 while pi > 0, making it unde-
fined or infinite for distributions with differing support.
This motivates the identification of a distance function
for comparing the trace spaces of Markov chains which:
1) is a true distance, 2) is efficient to evaluate, 3) in-
corporates the probabilistic nature of traces. To address
these issues, we propose the use of the well known dis-
tance function, the Bhattacharyya angle, motivated and
derived from first principles via information geometry by
associating a Markov chain with a categorical random
variable [27, 28]. In contrast, the Bhattacharyya coef-
ficient

∑
i

√
piqi and its derived angle remain finite and
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continuous even as probability mass approaches zero.

Although a step in a good direction, as previously
noted some similarity functions used for Markov se-
quences can in some scenarios still be overly sensitive
to initial distributions or small changes in the stochastic
matrix which represents a Markov chain. For example a
simple model of a biased coin toss, where outcome bias
is parameterised by some value p ∈ [0, 1], can generate
completely difference trace sequences if comparing two
different initial distributions. This is obvious: given two
different starting conditions we end up at different places.
However the underlying generative process, as specified
by the stochastic matrix, is the same. It could be that in a
given scenario, considering starting different chains with
different initial distributions might give the quickest way
to distinguish behaviour. However, if those distributions
are not already known or computable then the choice of
one initial distribution over another might be difficult to
justify.

In healthcare, another example of where the initial
state is of lesser importance is in hospital emergency de-
partment patient attendances or other specific disease
pathways. As the process typically starts in the same
initial state, e.g. “presented at hospital”, every compar-
ison of processes across different organisations will use
the same initial state distribution for a Markov chain, but
the actual patient pathways will depend on the stochastic
matrix representing the process.

It therefore seems reasonable to separate the initial
conditions from the Markov chain’s structural proper-
ties. This amounts to equipping the space of stochas-
tic matrices with a distance function. This suggests an
approach to comparing Markov chains via the structure
of the stochastic matrices themselves, rather than traces
generated by short or long term runs.

The Markov theory literature for direct comparisons
of stochastic matrices seems less formalised than its se-
quence space counterpart. Early work on comparing
the structural influence of stochastic matrices can be
found in the field of channel capacities [29]. In more
recent work, Markov mixture models were created in [30]
which use the log-likelihood function and BIC criteria
to cluster a person’s sequence of daily activity via esti-
mated stochastic matrices. The investigation of the in-
ternal block structure of a special class of Markov chains
in [31] used Lp norms and the Kullback-Leibler diver-
gence. They also appealed to Markov chain mixing times
to show estimated values converge in a short enough time
to be accurate. In the context of analysing protein struc-
ture models, [32] propose a similarity score between the τ
step stochastic matrices of two different proteins. Mixing
long term and short term properties of a Markov chain,
[33] propose modelling recommendations for a user’s next
choice given previous choices as an order k Markov chain.

Learning a stochastic matrix, given observation data, is
also important in the fields of sensor-based human activ-
ity recognition [34] and designing statistically consistent
algorithms for noisy data labelling [35]. Underlying these

estimation techniques is the choice of objective function
one might want to optimise. Typical objective functions
used are: the direct calculation of the Kullback-Leibler
divergence [36, 37] which is the usual divergence calcu-
lated row-wise and summed for a pair of stochastic matri-
ces, some form of log-likelihood function as proposed for
denoising in image analysis [38], the related cross entropy
for video analysis [39], cross entropy hypothesis testing
an estimated stochastic matrix against a reference [40] or
even Bayesian based test approaches [41, 42]. In the ma-
jority of these settings short term runs are more impor-
tant as recommendations for the next action are all that
is needed, or the long time run of a Markov chain gives no
more benefit after a finite number of steps, and the infor-
mation contained within the stochastic matrix is all that
is needed. Our observation is that a well motivated com-
parison between Markov chain stochastic matrices would
be beneficial, and could make more sense in certain sce-
narios than comparing sequences directly. This leads us
to identify a distance function between stochastic ma-
trices which mirrors desired properties of distances on
sequence spaces.
In summary, our ideas are to further develop the use of

information geometry in Markov chain theory as a prin-
cipled way to explore a true distance measure in two sce-
narios:

1. Sequence space: Comparing the probability distri-
butions induced by two Markov chains in terms of
their τ step sequences

2. Stochastic matrix space: Comparing the structural,
i.e. local state to state jump, difference between
two Markov chains, independently of initial distri-
butions

To address these ideas, our contributions in this work
are:

1. Result 1: Motivation from first principles of the
use of the Bhattacharyya angle as an appropriate
distance measure for comparing Markov chain se-
quences.

2. Result 2: Derive a long term rate comparison of
Markov chain sequences.

3. Result 3: Extending these principles to formulate
a novel distance measure which compares Markov
chain stochastic matrices directly.

4. Result 4: Derive a long term rate comparison of
stochastic matrices.

Throughout, we denote a time homogeneous discrete
time Markov chain with M which is defined over a state
space X = {x1, . . . , xk}. In other words we consider se-
quences of random variables (Y1, Y2, . . .) which satisfy the
standard Markov property. Initial Markov chain distri-
butions are written π, with components π(xi) represent-
ing the probability of being in state xj , and the asso-
ciated model’s (row) stochastic matrix P , with compo-
nents P (xi, xj) = Pr(Yt+1 = xj |Yt = xi). Sequences of
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length τ form a space Xτ and the space of infinite length
sequences is written X(ω). Over all elements of either
Xτ , or alternatively X(ω), we can identify an induced
probability vector p, with components denoted p(w), as-
signed for each sequence w = (x1, . . . , xτ ) ∈ Xτ , accord-
ing to initial distribution π and stochastic matrix P . The
Iverson bracket is written as [A] for some boolean state-
ment A, and the collection of eigenvalues of a matrix R
is denoted σ(R). Finally we make use of the Hadamard
product (i.e. element wise product) between two ele-
ments, denoted as ◦, and the Hadamard square root (i.e.
element wise square root) denoted as

√
·, unless stated

otherwise.

Remark 1. Throughout, we use the superscript notation
d(τ) and d(ω) for distances on sequence spaces (finite and
infinite respectively), while subscript notation dΩ denotes
distances on the space of stochastic matrices.

II. SEQUENCE DISTANCES

Information geometry is the study of parametric fami-
lies of probability distributions using the language of dif-
ferential geometry [28, 43]. An extremely well developed
and diverse field, we will only present the topics we need
and briefly. Other than our stated results, all other con-
cepts can be taken as standard literature.

We treat the parameter space of a given statistical
model as a manifold. The fundamental object in both in-
formation and differential geometry is the metric tensor.
Manifolds allow us to discuss concepts such as continuity
and differentiation. A metric tensor allows us to define a
notion of distance between points on a manifold, which
means we can equip the parameter space of a statistical
model with a distance function.

There are many ways to define a metric tensor for a
manifold and historically in information geometry this
has been via the Fisher information metric tensor. Con-
sider a parametric family of stochastic models whose dis-
tribution function is denoted h(x;p). Here x is an ele-
ment of the distribution’s support space X and p ∈ R|X|

is a vector of the parameters for the family, along which
a standard result is it can be treated as a probability
itself. Up to a constant scalar, the Fisher information
metric at a point p is defined as an |X| × |X| matrix
with components,

gij(p) = −Eh

[
∂2 log h(x;p)

∂pi∂pj

]
(1)

where Eh indicates the expectation value is taken with
respect to the probability distribution h(x;p) over the
support of x. The gij are known as metric tensor compo-
nents, and define the geometry of the parameter space,
which is a statistical manifold. We want to discuss the
concept of geodesic curves, i.e. curves connecting two
points of the parameter space which respect the under-
lying geometry of the space. Geodesics are derived using

the geodesic equation which in turn is derived from the
metric tensor. Intuitively, the solutions to the geodesic
equations are the “shortest” path curves with respect to
the geometry of the space under consideration. Conven-
tionally, geodesic curves are parameterised by some real
variable s, which encodes the start point and end point of
the curve. Ultimately we want to find a closed form for
the induced distance function, minimised over all pos-
sible geodesic curves c(s). In the case of a parametric
family of probability distributions these points are de-
noted c(s1) = p1 and c(s2) = p2. In general, there can
be multiple geodesic curves connecting two points. For
example the two ways round a great circle on a sphere.
Thus it is standard to define the distance between two
points using the geodesic curve which has the smallest
length,

δ(p1,p2) = min
c(s)

∫ s2

s1

ds

√√√√∑
i,j

gij(c(s))
dci(s)

ds

dcj(s)

ds
(2)

δ(p1,p2) would then be our desired distance function on a
statistical manifold. It is well known that Markov chains
induce a probability distribution over sequences of fixed
length [44]. These distributions correspond to categorical
distributions and are defined as having the probability
mass function,

h(x;p) =

|X|∏
i=1

p(xi)
[x=xi] (3)

with domain of input events X = {x1, . . . , x|X|} and as-
sociated probabilities p = (p(x1), . . . , p(x|X|)), with ad-
ditional notational shorthand pi = p(xi) used when con-
sidering points on a manifold. In other words the prob-
ability of observing each possible event xi is p(xi), akin
to the probability distribution of rolling an |X|-sided dice
where each side xi has probability p(xi). For a fixed state
space of |X| elements, the space of all probabilities which
can parametrise a categorical distribution is known as the
simplex space ∆ = {p : ∥p∥1 = 1}. Thus from here we
can compute the metric tensor components in Eq. 1 and
work through until we arrive at a solution for Eq. 2.
It is well known the metric tensor components we re-

quire are, up to an overall positive scaling constant,

gij(p) =
δij
pi

(4)

where δij is a Kronecker delta. In differential geometry
a metric tensor can be used to define geodesic equations,
i.e. equations which define in some sense the “straight-
est” path. Typically solving these equations is difficult,
however in this case we can sidestep the usual challenge.
The coordinate transformation y =

√
p allows us to show

the metric tensor components become gij(y) = δij . This
transformation shows the components are the standard
Euclidean metric in Euclidean space, with the condition
that points are constrained to a positive quadrant of unit



4

hypersphere centered at the origin (y · y = 1). Hence,
the associated geodesic curves we want are arcs follow-
ing the great circles defined by points y1 and y2. As a
result, a closed form for the distance between two cat-
egorical distributions with |X| states and parameterised
with p1,p2 ∈ ∆ is,

δ(|X|)(p1,p2) = 2 arccosBC(p1,p2) (5)

This distance is known under various names such as the
Rao distance [45], categorical Fisher-Rao distance [46],
but we will refer to it as the Bhattacharyya angle [47].
Here we have made clear the link of this distance to the
Bhattacharyya coefficient,

BC(p1,p2) =

|X|∑
i=1

√
p1(xi)p2(xi) (6)

The Bhattacharyya coefficient has been studied in re-
lation to comparing discrete probability distributions al-
ready [48, 49]. However the Bhattacharyya angle’s use as
a true distance measure does not yet seem to have been
pursued for the purpose of comparing Markov chains.

The final link back to Markov chains comes from real-
ising that the collection of all probabilities of observing
a τ step Markov chain sequence forms a categorical dis-
tribution over Xτ .

Result 1. Consider two Markov chains M1 and M2 over
the same state space X, with initial distribution πk and
transition probabilities Pk(xi, xj), collected in stochastic
matrices Pk, k = 1, 2. The probability of observing a
sequence of events w = (x1, x2, . . . , xτ ) τ ≥ 2, under the
Markov chain Mk is

pk(w) = πk(x1)Pk(x1, x2) · · ·Pk(xτ−1, xτ ) (7)

Fixing the sequence length to τ ≥ 2, the probabilities
assigned to all length-τ sequences w ∈ Xτ by the two
MArkov chains are collected (assuming an order on Xτ )
in categorical probability vectors p1 and p2. We thus
arrive at a distance for Markov chains induced by the se-
quence length τ , δ(|X|τ )(p1,p2), which we will denote by
d(τ)(M1,M2):

d(τ)(M1,M2) = 2 arccos
∑

w∈Xτ

√
p1(w)p2(w) (8)

A realisation of a Markov chain is written as a sequence
of events w = (x1, x2, . . . , xτ ) for a chain M and τ ≥
2. The probability of observing the sequence w given an
initial distribution π for a Markov chain with stochastic
matrix P is

p(w) = π(x1)P (x1, x2) · · ·P (xτ−1, xτ ) (9)

Making the identification M1 → p1, M2 → p2 we arrive
at a distance for Markov chains,

d(τ)(M1,M2) = 2 arccos
∑

w∈Xτ

√
p1(w)p2(w) (10)

The key concepts here are: 1) using information geom-
etry, a notion of distance can be naturally motivated for
Markov chains, 2) the distance satisfies all properties of a
true distance function and 3) the distance is constructed
to respect the basic probability properties of a Markov
chain. Following [50], for convenience we introduce the
following definitions,

r =
√
π1 ◦

√
π2 (11a)

R =
√

P1 ◦
√
P2 (11b)

Considering the product structure for each pk(w) and
denoting the vector of all ones as 1, we can compactly
write the sum over length τ words,

d(τ)(M1,M2) = 2 arccos
(
rTRτ−11

)
(12)

A proof of the equivalence between Eq. 10 and Eq. 12
is in Apx. A. The Bhattacharyya angle in Eq. 12 serves
as a true distance measure for comparing Markov chain
induced probabilities. It is numerically very appealing as
calculations can be reduced to matrix and vector multi-
plication.
Turning to long run sequences, we can compute asymp-

totic quantities akin to the Kullback-Leibler divergence
rate. Such quantities are important in the analysis of sys-
tems which have become stationary, i.e. do not change
any more, and are linked to the information content of
a probability distribution. Typically they compare infi-
nite step traces for two Markov chains, averaged by the
number of steps. However we immediately see for any
pair of models d(τ)(M1,M2)/τ → 0 as τ → ∞. This is
similar to most “distances” considered in Markov theory,
with the notable exception of the Kullback-Leibler diver-
gence rate [51]. Hence we are motivated to study the
non-regularised distance limit. In the case of the Bhat-
tacharyya angle the quantity we are interested in is,

d(ω)(M1,M2) = lim
τ→∞

d(τ)(M1,M2)

= 2 arccos
∑

w∈X(ω)

√
p1(w)p2(w)

(13)

Note this is equivalent to the matrix product form of
d(ω)(M1,M2) = limτ→∞ 2 arccos

(
rTRτ−11

)
, using the

derivation in Apx. A. We can see the Bhattacharyya
angle always exists in the limit τ → ∞ by observ-
ing (via the inequality of arithmetic and geometric

means)
√
p1(w)p2(w) ≤ p1(w)+p2(w)

2 and using the di-
rect comparison test for series convergence [52]. As∑

w∈X(ω)
p1(w)+p2(w)

2 = 1 (i.e. converges) the direct com-

parison test proves d(ω)(M1,M2) converges. Convergence
of the Bhattacharyya angle is then ensured by the conti-
nuity of arccos on [0, 1].
A simple characterisation of when d(ω)(M1,M2) is

guaranteed to attain its maximum can be found from the
inequality ρ(

√
P1 ◦

√
P2) ≤ ρ(P1)ρ(P2) = 1 (see Huang

et. al. for details [53]). In other words when the spec-
tral radius of

√
P1 ◦

√
P2 is strictly less than unity the
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distance converges to the numerical constant π in the
limit τ → ∞. This means the long term run of two such
Markov chains are statistically distinguishable according
to the Bhattacharyya angle. However we can go further
and obtain a closed form for the long term rate for any
pair of stochastic matrices.

Result 2. Let X be the state space for a Markov chain
with |X| states. Let r ∈ [0, 1]|X| be a sub-stochastic vector
(row sums ≤ 1) and R ∈ [0, 1]|X|×|X| be a sub-stochastic
matrix (row sums ≤ 1). There exists a partitioning of X
such that Q states form closed recurrent classes and T
states are transient. Denote by 1Q the vector of ones of
dimension Q, by T the sub-matrix of transition probabil-
ities among transient states, and by C the sub-matrix of
transition probabilities from transient states to recurrent
states. When the spectral radius of T is strictly less than
unity, the fundamental matrix N = (I − T )−1 exists,
and the absorption probability vector is a = N C 1Q.
The Bhattacharyya rate then satisfies:

d(ω)(M1,M2) = 2 arccos

[
r⊤

(
1Q

a

)]
. (14)

The proof of Result 2 is contained in Apx. B. The
closed form nature of the Bhattacharyya angle is such
that numerical analysis can be efficiently implemented,
which suggests we look at a position between short
term runs and comparing Markov chains asymptotically
through the field of mixing times [54, 55].

Markov chain mixing times are concerned with esti-
mating a finite time step τ⋆ such that the distance be-
tween some reference stationary distribution and the τ⋆
step distribution of some Markov chain is “close”. For
a state space X with |X| elements, denote an initial
Markov chain distribution for a given state xj ∈ X as

ej (i.e. the standard basis in R|X|), we define the Bhat-
tacharyya angle induced mixing time of a Markov chain
P (with dimensions |X| × |X|) starting in state ej , with
unique stationary distribution π̄⋆, as

τ⋆(x) = min
{
τ > 0 : d(|X|) (π̄⋆, e

T
j P

τ
)
≤ ϵ

}
(15)

We can operationally call two Markov chains “similar”
if after some time τ⋆ their state distributions are “close
enough” for the problem at hand. Another way to view
this is that if we have a obtained a mixing time for one
chain, how can we use it to bound the mixing time of
another chain? In some sense one can then approximate
one Markov chain with another after a finite number of
steps, when comparing the marginal state distributions
of two Markov chains.

A well studied class of discrete Markov chains are both
ergodic and and reversible. A well known result is that er-
godic chains have a unique stationary distribution π̄. For
an ergodic chain, reversible means the associated unique
stationary distribution and stochastic matrix satisfy,

diag(π̄)P = P T diag(π̄) (16)

which are known as the detailed balance equations. Un-
der these assumptions, bounds on τ⋆ can be placed as we
can take advantage of the fact that the τ -step transition
matrix components can be written as [55],

P τ (xj , xk) = π⋆(xk) +

√
π⋆(xk)

π⋆(xj)

|X|∑
i=2

λτ
i e

(i)
j e

(i)
k (17)

Here λi are the eigenvalues of P , the e(i) are an orthonor-
mal basis e(i) · e(j) = δij , with e(1) =

√
π̄⋆. Finally the

assumption π̄⋆ > 0 for the unique stationary distribu-
tion of P is imposed. Usefully, the eigenvalues of er-
godic and reversible Markov chains are real and satisfy
λ1 = 1 > λ2 ≥ . . . ≥ λ|X| > −1. This allows us to take
the limit τ → ∞ and know with certainty the power of all
eigenvalues, except λ1, will eventually vanish. With the
expression in Eq. 17, and using the Bhattacharyya an-
gle’s Taylor series, with associated bounds on remainder
terms, we can give two conditions needed to be sufficient
to bound the mixing time,

τ− ≥ 1

log λ2
log

[
γ

(
1 +

1

π−

)−1
]

(18a)

τ+ ≥ 1

2 log λ2
log

[
4(1− cos ϵ/2)

(
1 +

1

π−

)−1
]

(18b)

with π− = min π̄⋆, and the constant γ = 1− (5/16)2/7 ≈
0.282. The constant γ is chosen to ensure the remain-
der of the Taylor series expansion of the mixing time can
be replaced safely with a known lower bound, which en-
tails a minimum requirement on τ⋆ given by τ−. The
second inequality using τ+ gives a sufficient condition
which guarantees the desired distance accuracy ϵ has
been achieved. Consequently, the true mixing time is
known to fall within the range [τ−, τ+]. Given the num-
ber of uses, and easily obtained results afforded by the
Bhattacharyya angle we promote it as a robust tool to
investigate both short and long time Markov chain runs.

III. STOCHASTIC MATRIX DISTANCES

Our idea is to, again appealing to information ge-
ometry, elevate the Bhattacharyya angle from a space
of probability distributions to matrices. To this end,
note that any stochastic matrix is a collection of indi-
vidual state-conditional next-state probability distribu-
tions [56, 57]. This can be interpreted as a stochastic
matrix being an element of a Cartesian product space
of underlying categorical distributions (as explained in
the trace distance section). Thus we identify P =
(p1, . . . ,p|X|) ∈ ∆ × · · · × ∆, where ∆ is the |X|-
dimensional simplex space, i.e. P is an |X| × |X| ma-
trix. Such a decomposition induces what is known as
a product metric in differential geometry [46]. In other
words, we can build a distance function on the space
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of stochastic matrices by using the Bhattacharyya angle
inherited from the underlying simplex space ∆. Using
a product metric structure here is actually very natu-
ral. The work of [56, 57] characterise the metric tensor
components for stochastic matrices in terms of invariance
under linear transformations called Markov maps. The
result is choosing a product metric structure or asking for
invariance under Markov maps gives the same distance
on stochastic matrices.

As a demonstration using two manifolds, consider the
product metric tensor induced via the Cartesian product
(∆, g) × (∆, g) where g is the metric tensor defined via
Eq. 4. The product metric tensor components in this
case are defined as,

gprodij (p1,p2) = gij (p1)⊕ gij (p2) (19)

with ⊕ denoting the direct sum of the two indepen-
dent manifolds. Further, we can construct the prod-
uct curve which connects pairs of points on ∆ × ∆
as c(s) = (c1(s), c2(s)) where c1(s) and c2(s) are the
geodesic curves on the two manifolds respectively. A
well known result in differential geometry is that prod-
uct metrics induce an associated distance measure on the
product manifold,

dprod (p1 ⊕ q1,p2 ⊕ q2) =
√

d21 (p1,p2) + d22 (q1, q2)

(20)
More generally, for |X| simplexes we have the general

form for a distance measure as dprod =

√∑|X|
i=1 d

2
i and,

consequently, we can define a distance function on the
space of stochastic matrices.

Result 3 (Stochastic Matrix Distance). Let P1, P2 be
square (row) stochastic matrices. The minimum length
geodesic distance between P1, P2 is

d (P1,P2) = 2

√ ∑
xi∈X

arccos2
∑
xj∈X

√
P1(xi, xj)P2(xi, xj)

(21)

The proof of Result 3 can be found in Apx. C. As well
as enjoying many of the previously defined properties of
the Bhattacharyya angle, it is also valid for any pair of
stochastic matrices. There are no other requirements to
compute the distance on the space of stochastic matrices.
This appears to be a genuinely new distance function
derived via information geometry.

If initial distributions are of primary importance to a
practitioner, the sequence distance d(τ) or its infinite-step
form d(ω) (Section II) would be more appropriate. The
stochastic matrix distance is best suited for applications
where structural properties of the transition process are
the focus, independent of starting conditions.

For a stochastic matrix A and integer L ≥ 1, we define
its L-Cesàro projection as

ZL(A) = lim
N→∞

1

N

N−1∑
n=0

(AL)n, (22)

which exists for any stochastic matrix by the Perron–
Frobenius theorem and represents the matrix contribu-
tion of the eigenspace associated with the eigenvalues for
which λL = 1 of AL. Note for L = 1 this definition is
just the classic Cesàro projection.

Result 4. Let P1,P2 ∈ [0, 1]|X|×|X| be stochastic matri-
ces. Define the long time Cesàro regularised stochastic
matrix distance as,

dΩ(P1,P2) = lim
N→∞

1

N

N∑
n=1

d(P n
1 ,P

n
2 ) (23)

Further, P1 and P2 have spectral decompositions P n
1 =

An+Dn
1 and P n

2 = Bn+Dn
2 , where A

n,Bn are the pro-
jections onto the unimodular eigenspaces, and Dn

1 ,D
n
2

any decaying terms. Let g : [0, 1] → R be a contin-
uous function, and let

√
· denote the Hadamard square

root. Let L be the joint period such that An+L = An

and Bn+L = Bn for all n. Then our long time distance
satisfies:

dΩ(P1,P2) = 2

√√√√ 1

L

L−1∑
k=0

1⊤ arccos2
[
(
√
Ak ◦

√
Bk)1

]
.

(24)
The stochastic matrix rate can equivalently be written as

dΩ(P1,P2) =

√
1

L
tr arccos2

[√
Γ (P1)

√
Γ (P2)

⊤]
, (25)

where Γ (A) = diag(I|X|,A, . . . ,AL−1)(IL ⊗ ZL(A)).

A proof of Result 4 is in Apx. D. As noted in the proof,
considering ergodic transition matrices in Eq. 24 reduces
numerically to considering the sequence distance Eq. 14 if
considering just their stationary distributions. I.e. if P1

and P2 are ergodic with respective assoicated station-
ary distributions π̄1, π̄2 then L = 1 and dΩ(P1,P2) =

2
√

|X| arccosBC(π̄1, π̄2). Note also that by normalising
the stochastic matrix distance for ergodic chains by the
size of the state space |X| we obtain a distance function
which is finite for even countably infinite state spaces.
Intuitively this makes sense as the long term run of an

ergodic Markov chain converges to its stationary distri-
bution. Therefore any differences between two Markov
chains should only be accounted for by their respective
stationary distributions, and not initial conditions. As
noted in the mixing times section, the stochastic ma-
trix distance for ergodic chains is also identical to con-
sidering the distance between the asymptotic distribu-
tions from starting in any arbitrary initial distribution,
i.e. δ(|X|)(eTxP

τ
1 , e

T
y P

τ
2 ) → dΩ(1π̄

⊤
1 ,1π̄

⊤
2 ) as τ → ∞.

This adds further weight to using the Bhattacharyya an-
gle and stochastic matrix distance as they have a natural
correspondence on ergodic chains.
An alternative interpretation is that the stochastic

matrix rate equals the expectation value of the Bhat-
tacharyya angle over the rows of the stochastic matrices,
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when each row is weighted uniformly. This perspective
arises from viewing each row as defining a probability
measure over the next state, and averaging the pairwise
Bhattacharyya angles across all initial states. Therefore
it can be considered as the expectation of the overlap
of two processes under the assumption of having equal
probability of starting in any state.

IV. NUMERICAL SIMULATION

Clustering is a fundamental data analysis technique
that partitions datasets into groups where similar ele-
ments are grouped together. This approach has broad
applications across domains: identifying user behaviour
patterns on websites, segmenting customers into risk pro-
files for insurance companies, and modelling disease pro-
gression pathways (e.g., healthy → diseased → recov-
ered→ death) across different patient populations. Com-
mon to all scenarios is that individual behaviours are of-
ten modelled via stochastic matrices representing Markov
chains, making effective distance metrics for comparing
such matrices essential for meaningful cluster analysis.

To demonstrate the effectiveness of our proposed dis-
tance function for stochastic matrices, we design a simu-
lation that validates its performance against established
distance functions in a clustering context. The simula-
tion generates four distinct groups of stochastic matri-
ces, mimicking real-world scenarios where practitioners
need to identify and distinguish between groups of tran-
sition matrices with known underlying similarities, such
as comparing patient cohorts with different disease pro-
gression rates, or distinguishing user behaviour patterns
across different demographic segments.

We employ 3×3 matrices for their intuitive visual inter-
pretation, facilitating clear understanding of the underly-
ing data structures. The simulation framework proceeds
as follows: we establish a reference cluster parameter-
ized by α0, then generate three additional clusters with
distinct parameters αi. Each stochastic matrix within
cluster k is constructed by sampling each row from a
Dirichlet distribution parameterized by αi. To assess
clustering performance across varying degrees of sepa-
ration, we interpolate between clusters using the trans-
formation αi(t) = (1 − t)αi + tα0 for t ∈ [0, 1], sys-
tematically varying the similarity between clusters while
measuring the accuracy of different distance functions in
correctly identifying cluster membership.

This experimental design directly addresses the practi-
cal challenge of distinguishing between groups of stochas-
tic processes when their underlying parameters vary con-
tinuously, a common scenario in applications ranging
from behavioural analytics to epidemiological modelling.

We choose the adjusted Rand index as the figure of
merit for the clustering accuracy and average the index
over many runs to mitigate observing a single extreme
result [58]. Intuitively, the Rand index measures agree-
ment, across two given clusterings, by checking how many

pairs of clustered data elements are in the same cluster,
and which pairs of clustered data elements are not in
the same cluster. Ideally, all pairings according to one
clustering match all parings in the other cluster, giving
complete agreement. In practice it is better to adjust
the Rand index under the null hypothesis assumption
the clusterings were randomly assigned with equal prob-
ability by permuting the data elements, hence giving the
adjusted Rand index as a measure of agreement.
Formally, given N data points Y = {yi|i ∈ [N ]}, for

two clusterings U = {U1, . . . , UR} and V = {V1, . . . , VC}
we can quantify the two clusterings contingency as nij =
|Ui ∩Vj |. The collection of integers nij count the overlap
between different clusters. In consequence, we define the
auxiliary quantities,

ni+ =

C∑
j=1

nij , n+j =

R∑
i=1

nij (26a)

t̄ =

R∑
i=1

C∑
j=1

n2
ij , r̄ =

R∑
i=1

n2
i+, c̄ =

C∑
j=1

n2
+j (26b)

a =
t̄−N

2
, b =

r̄ − t̄

2
, c =

c̄− t̄

2
,

d =
t̄− r̄ − c̄+N2

2

(26c)

Taken together, these auxiliary quantities represent the
agreement between two different clusterings of the data
Y . We can collect the above into a matrixM and express
the adjusted Rand index in a compact manner as,

M =

(
a b
c d

)
, Ξ =

(
0 1
1 0

)
(27)

Randadjusted =

(
N
2

)
trM − trΞM2(

N
2

)2 − trΞM2
(28)

Where Ξ is known as the 2× 2 exchange matrix (i.e. it
exchanges rows and columns). We compared the sym-
metrised Kullback-Leibler divergence rate, matrix dis-
tances induced by the L1 and L2 norms, and our new
stochastic matrix distances. We use cluster Dirichlet
parameters, visualised in Fig. 1, α0 = (8, 8, 8), α1 =
(8, 2, 2), α2 = (2, 8, 2), α3 = (2, 2, 8).
The results of the simulation are shown in Fig. 2, where

a value of one on the vertical axis indicates clusters have
been assigned correctly, and lower values mean cluster
memberships are incorrect. We observe that the metrics
all have a similar behaviour. Moreover, the stochastic
matrix distance performance is comparable to the other
functions. All functions approach a mean adjusted Rand
score of zero as the distributions for clusters converge
i.e. the clusters are indistinguishable and hence cluster
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FIG. 1. Ternary plot of the four base Dirichlet distributions
used to generate clusters of stochastic matrices. The top-left
density plot serves as a reference distribution. The param-
eters αi(t) approach α0 linearly such that all distributions
eventually coincide, and thus cannot be distinguished.

membership can not be determined. We stress that the
purpose of this simulation is not to pick a “best” distance
to perform clustering, as this is too subjective, but to
show our new distance function indeed behaves sensibly
in a controlled setting.

Applications to real world data and settings will be a
better test of the new stochastic matrix distance. We
do emphasise though the stochastic matrix distance is a
true distance measure, purposefully motivated through
information geometry and so seems a natural distance
measure to pick in the sense of probability theory. In
terms of machine learning, both the sequence space and
stochastic matrix space distances put forward here seem
good candidates for loss functions in their applicable do-
mains.

V. CONCLUSION

We have developed the use of the Bhattacharyya an-
gle as a distance function on discrete Markov chain se-
quences which is well motivated and respects the intrinsic
probability properties of Markov chains. Previous work
in discrete Markov theory had shown the use of various
functions to compare discrete chains, but this work de-
rives a true distance function which is computable (both
analytically and numerically) and valid for any pair of
chains.

However these distances explicitly require the initial
distributions of a chain and can be extremely sensitive
to small changes. The Bhattacharyya rate and stochas-
tic matrix rate vary continuously with the matrix en-
tries. This is in contrast to many divergence-based

Algorithm 1: Steps to generate simulated data
for testing different stochastic matrix distance

functions. The adjusted Rand index is a measure
of how well data has been clustered according to

the true cluster label (which is the cluster
distribution parameter αk).

Require: Cluster distribution parameters {αk}Kk=0

(which serve as the true labels for generated
data), T (time steps), R (repetitions), N
(cluster size), d (distance function)

Ensure : For function d, K + 1 ≥ 2 clusters with N
members each, output an array of pairs
(t, S̄) for step t, mean adjusted Rand index
S̄ over R clustering repetitions

1 t← 0
2 while t ≤ 1 do
3 Update cluster parameters for time step t
4 αk(t)← (1− t)αk + tα0

5 r ← 0
6 while r < R do
7 Generate K ·N stochastic matrices based on

parameters {αk(t)}Kk=0

8 Using function d, calculate the distance matrix
for all pairs of the generated matrices

9 Cluster the K ·N matrices into K labels using
the distance matrix

10 Calculate the adjusted Rand index S(r)
comparing the clustering labels to the known
generative clusters

11 r ← r + 1

12 end
13 Calculate the mean adjusted Rand index for time

t: S̄(t)← 1
R

∑R−1
r=0 S(r)

14 t← t+ 1/T

15 end

functions, of which the Kullback–Leibler divergence is
a member, which may exhibit discontinuous behaviour
under smooth perturbations to distributions. Specif-
ically, the Kullback–Leibler divergence DKL(p∥q) =∑

i pi log(pi/qi) diverges to infinity whenever qi → 0
while pi > 0, making it undefined or infinite for dis-
tributions with differing support. In contrast, the Bhat-
tacharyya coefficient

∑
i

√
piqi and its derived angle re-

main finite and continuous even as probability mass ap-
proaches zero. In this sense our results might give a more
robust measure of similarity, but still contingent to the
problem at hand.

Moreover, it is valid for any pair of stochastic matri-
ces, is computable and through Result 4 in the case of
ergodic chains the asymptotic step distance is the same
as considering distances on the sequence space. We were
also able to find compact analytical results for very gen-
eral settings, only needing a Cesàro type regularisation
at most. Using underlying local structures (i.e. state
to state jumps) to understand Markov chain similarity
in this sense is more akin to comparing Hamiltonians or
Lagrangians in physics, rather than looking at the whole
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FIG. 2. Comparison of the four selected distance functions’
performance over a simulated time series. Progression is from
the initial cluster distributions at t = 0 (Fig.1) to their final,
overlapping state at t = 1 (i.e. all distributions look like
Fig.1a). Vertical axis: adjusted Rand index (value of 1 is
best). Horizontal axis: time parameter t ∈ [0, 1].

possible trace space dependent on initial distributions.
Returning to our initial motivation, we wanted to find

a way of comparing Markov chains for use in healthcare
services. For example, if the emergency department of
a hospital is described by a Markov chain, we can use
our methods of comparing two hospitals. Moreover, each
initial distribution of the Markov chain corresponds to a
starting event for a patient. As there are many different
patients, comparing the sequence space generated by all

different patients across two hospitals doesn’t have great
meaning. What does have more meaning is the direct
comparison of the stochastic matrices which represent
the generative processes of the hospitals. Therefore our
new stochastic matrix distance should have much appli-
cability to comparing health services in any setting rep-
resented by Markov chains. Of course this is true for any
other field in general.

Despite the number of results, there is still much more
worthwhile future work. The exploration of mixing times
and the application of the Bhattacharyya angle to gen-
eral mixing time bounds has only received an elementary
review here. Tighter bounds are surely possible. Ap-
plications of the Bhattacharyya angle, and its stochastic
matrix counterpart, also seem readily available to ma-
chine learning in cases where the problem requires the
evaluation of a model which outputs categorical prob-
abilities. As both distances are both analytically and
numerically approachable, it would be pleasant to see it
incorporated in to computational frameworks, such as for
gradient boosting [59].
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Appendix A: Substochastic R matrix representation

Let X be a finite state space, and let π1, π2 be initial distributions over X. Define r ∈ [0, 1]|X| and R ∈ [0, 1]|X|×|X|

(sub-stochastic, i.e., row sums ≤ 1) by:

r(x) :=
√
π1(x)π2(x), R(x, y) :=

√
P1(x, y)P2(x, y),

and adopt the convention R0 = I (equivalently, an empty product equals 1). For τ ≥ 1 we have

Sτ =
∑

(x1,...,xτ )∈Xτ

r(x1)

τ−1∏
k=1

R(xk, xk+1) =
∑
x1∈X

r(x1)
∑

x2,...,xτ∈X

τ−1∏
k=1

R(xk, xk+1).

By the index expansion of matrix powers,

(Rτ−11)(x1) =
∑

x2,...,xτ∈X

R(x1, x2) · · ·R(xτ−1, xτ )1(xτ ) =
∑

x2,...,xτ∈X

τ−1∏
k=1

R(xk, xk+1),
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since 1(xτ ) = 1 for all xτ ∈ X. Substituting gives

Sτ =
∑
x1∈X

r(x1)(R
τ−11)(x1) = r⊤R τ−11.

Appendix B: Convergence of Bhattacharyya rate

Theorem 1. Let X be the state space for a Markov chain with |X| states. Let r ∈ [0, 1]|X| be a non-negative vector
and R ∈ [0, 1]|X|×|X| be sub-stochastic (row sums ≤ 1). There exists a partitioning of X such that Q states form closed
recurrent classes and T states are transient. Denote by 1Q the vector of ones of dimension Q, by T the sub-matrix of
transition probabilities among transient states, and by C the sub-matrix of transition probabilities from transient states
to recurrent states. When the spectral radius of T is strictly less than unity, the fundamental matrix N = (I − T )−1

exists, and the absorption probability vector is a = N C 1Q. The Bhattacharyya rate then satisfies:

lim
τ→∞

d(τ)(M1,M2) = 2 arccos

[
r⊤

(
1Q

a

)]
. (B1)

Proof. Let X be a finite state space with |X| states, r ∈ [0, 1]|X|, and R ∈ [0, 1]|X|×|X| be sub-stochastic (row sums
≤ 1). We can write the argument of the sequence distance arccos function as

Sτ = r⊤R τ−11, τ ≥ 1,

with r ≥ 0 and 1 ∈ R|X| the all-ones vector. Permute states so that R is in canonical form for sub-stochastic matrices
(recurrent states first, transient states last):

R =

(
Q 0
C T

)
, 1 =

(
1Q

1T

)
, r =

(
rQ
rT

)
,

where Q is block diagonal with one or more stochastic irreducible blocks (the closed classes); hence ρ(Q) = 1, and T
is the transient sub-stochastic block with ρ(T ) < 1. Then for all τ ≥ 1,

R τ−1 =

(
Q τ−1 0∑τ−2

k=0 T
kCQ τ−2−k T τ−1

)
.

Since each block of Q is stochastic and satisfies Q1Q = 1Q, we have Qm1Q = 1Q for all m ≥ 0. Since ρ(T ) < 1, we

have T τ−11T → 0 and
∑τ−2

k=0 T
k → (I − T )−1 as τ → ∞. Therefore,

R τ−11 =

(
1Q∑τ−2

k=0 T
kC1Q + T τ−11T

)
−→

(
1Q

(I − T )−1C1Q

)
=

(
1Q

a

)
,

where the fundamental matrix of the transient block is N := (I − T )−1 and

a := N C 1Q ∈ RT .

Taking the inner product with r⊤ gives the limit

Sτ = r⊤R τ−11 −→ r⊤Q1Q + r⊤T a = r⊤
(
1Q

a

)
.

The result follows from the continuity of the arccos function applied to the limit of Sτ .

Remark 2. In the special case where Q is 0 × 0 (i.e., the entire process is transient), the convergence T τ−1 → 0
gives Sτ → 0, and thus the Bhattacharyya rate equals π. Conversely, when T is 0× 0 (i.e., no transient states), the
stochasticity of Q gives Sτ → ∥r∥1.
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Appendix C: Proof of stochastic matrix distance

Proof. Using the product structure of stochastic matrices, we can decompose two stochastic matrices as

P1 =
(
p1, . . . ,p|X|

)
P2 =

(
q1, . . . , q|X|

) (C1)

Each pi and qi are probability vectors in their own right, with dimension |X|, and each matrix are therefore elements
of the product space ∆× · · · ×∆. This means we can construct the induced minimum length geodesic curve distance
from each underlying simplex space. In other words,

d
((
p1, . . . ,p|X|

)
,
(
q1, . . . , q|X|

))
=

√
d2(p1, q1) + . . .+ d2(p|X|, q|X|) (C2)

As the underlying simplex spaces can be equipped with the Bhattacharyya angle, we can write the induced distance
as

d
((
p1, . . . ,p|X|

)
,
(
q1, . . . , q|X|

))
= 2

√√√√ |X|∑
i=1

arccos2 BC(pi, qi) (C3)

Noting pi = (pi1, . . . , pi|X|), qi = (qi1, . . . , qi|X|), where pij = P1(xi, xj) and qij = P2(xi, xj), it is easy to see the

Bhattacharyya coefficient expressions can be written as BC(pi, qi) =
∑|X|

j=1

√
pijqij which allows us to write

d
((
p1, . . . ,p|X|

)
,
(
q1, . . . , q|X|

))
= 2

√ ∑
xi∈X

arccos2
∑
xj∈X

√
P1(xi, xj)P2(xi, xj) (C4)

Appendix D: Convergence of Cesàro-regularised stochastic matrix rate

We first state a classical result that enables a self-contained proof.

Lemma 1 (Perron–Frobenius). For a non-negative stochastic matrix M : (i) all eigenvalues satisfy |λ| ≤ 1; (ii)
unimodular eigenvalues are semisimple roots of unity; (iii) spectral projections onto unimodular eigenspaces preserve
non-negativity [60].

Recall the definition of the Cesàro projection from Eq. 22: for a stochastic matrix A,

ZL(A) = lim
N→∞

1

N

N−1∑
n=0

(AL)n,

which exists for any stochastic matrix by the Perron–Frobenius theorem and represents the projection onto the
invariant subspace of AL.

Theorem 2. Let P1,P2 ∈ [0, 1]|X|×|X| be stochastic matrices with spectral decompositions P n
1 = An+Dn

1 and P n
2 =

Bn+Dn
2 , where A

n,Bn are the projections onto the unimodular eigenspaces (i.e., those with |λ| = 1), and the decaying
terms satisfy ∥Dn

1 ∥, ∥Dn
2 ∥ ≤ Cnpγn for some 0 ≤ γ < 1 and constants C, p ≥ 0. Let g : [0, 1] → R be a continuous

function, and let
√
· denote the Hadamard (element-wise) square root. Let the sequence {g[(

√
An◦

√
Bn)1]}n∈N have a

joint period L, such that An+L = An and Bn+L = Bn for all n. Then the Cesàro mean of the transformed Hadamard
product satisfies:

lim
N→∞

1

N

N−1∑
n=0

1⊤g
[
(
√
P n

1 ◦
√
P n

2 )1
]
=

1

L

L−1∑
k=0

1⊤g
[
(
√
Ak ◦

√
Bk)1

]
. (D1)

Proof. The proof follows from the decomposition of the stochastic powers and the properties of Cesàro summability.
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1. Perron–Frobenius theorem: The Perron–Frobenius theorem guarantees that all eigenvalues of a stochastic
matrix M satisfy |λ| ≤ 1. Moreover, unimodular eigenvalues are semisimple roots of unity, meaning they have
a fixed integer period. Thus we can always choose L = lcm(L1, L2), where L1 and L2 are the periods of the
unimodular eigenvalues of P1 and P2 respectively, to obtain a joint period for all unimodular eigenvalues. In
the case both matrices have no oscillatory parts we define L = 1.

2. Spectral decomposition: For the spectral decomposition, let γ < 1 be the largest modulus among eigenvalues
of P1 or P2 that are strictly inside the unit circle, and let p be the maximum size of all Jordan blocks for P1

or P2. A standard application of the triangle inequality in any matrix norm gives ∥Dn
1 ∥, ∥Dn

2 ∥ ≤ Cnpγn for all
n ∈ N. Thus the spectral decomposition of P1 and P2 always has the required joint period L and geometrically
decaying remainder term, since γn → 0 dominates the polynomial factor.

3. Convergence of error term: Since g is continuous on the compact interval [0, 1], it is uniformly continuous.
Given P n

1 → An and P n
2 → Bn at a geometric rate, we define the error term associated with the transient

components:

E(n) = g
[
(
√
P n

1 ◦
√

P n
2 )1

]
− g

[
(
√
An ◦

√
Bn)1

]
,

where limn→∞ E(n) = 0 as a consequence of the continuous mapping theorem applied to
√
· and g.

4. Vanishing of transient terms: By the properties of Cesàro means, if a sequence E(n) converges to a limit
F , its average also converges to F . Since E(n) → 0, we have:

lim
N→∞

1

N

N−1∑
n=0

E(n) = 0.

5. Periodic mean convergence: The term g
[
(
√
An ◦

√
Bn)1

]
is purely periodic with period L. The Cesàro

mean of any periodic sequence with period L converges to the arithmetic mean over one period:

lim
N→∞

1

N

N−1∑
n=0

g
[
(
√
An ◦

√
Bn)1

]
=

1

L

L−1∑
k=0

g
[
(
√
Ak ◦

√
Bk)1

]
.

6. Conclusion: Combining the vanishing of the error term (E(n) → 0) with the Cesàro mean of the periodic

sequence g
[
(
√
An ◦

√
Bn)1

]
, and taking the inner product with 1⊤, yields the result.

Remark 3. The limit matrices Ak and Bk are uniquely determined by the stationary projections of the L-th powers
of the transition matrices. Specifically, let ZL(P1) denote the Cesàro projection of PL

1 , and let ZL(P2) denote the
Cesàro projection of PL

2 . Then for any k ∈ {0, . . . , L− 1}:

Ak = P k
1 ZL(P1) and Bk = P k

2 ZL(P2).

Substituting these into the Cesàro mean yields:

lim
N→∞

1

N

N−1∑
n=0

g
[
(
√
P n

1 ◦
√
P n

2 )1
]
=

1

L

L−1∑
k=0

g

[(√
P k

1 ZL(P1) ◦
√
P k

2 ZL(P2)

)
1

]
. (D2)

Remark 4. The individual long-term matrices can be collected into a single map defined as:

Γ (A) = diag(I|X|,A, . . . ,AL−1)(IL ⊗ ZL(A)),

where I|X| is the identity matrix of size |X|×|X| and IL is the identity matrix of size L×L. Using the component-wise

nature of g and the identity 1⊤(A ◦B)1 = tr[AB⊤], we can rewrite the Cesàro mean as:

lim
N→∞

1

N

N−1∑
n=0

1⊤g
[
(
√

P n
1 ◦

√
P n

2 )1
]
=

1

L
tr g

[√
Γ (P1)

√
Γ (P2)

⊤]
. (D3)
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Remark 5. The special case g = arccos2 yields the stochastic matrix rate between stochastic matrices P1 and P2:

dΩ(P1,P2) =

√
1

L
tr arccos2

[√
Γ (P1)

√
Γ (P2)

⊤]
. (D4)

This quantity admits an interpretation as the root-mean-square Bhattacharyya angle over the rows of the stochastic
matrices, averaged uniformly across all initial states and over one period of the joint dynamics. This uniform weighting
ensures that the distance reflects the intrinsic structure of the transition matrices rather than any particular choice of
initial distribution.
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