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Abstract

Cosmological theories rely on understanding the three-dimensional
structure of the Universe on large scale. Astrophysical observations
of galaxy clusters are limited to measuring a two-dimensional po-
sition in the sky and a one-dimensional velocity along the line of
sight, inherently losing part of the relevant information content.
Commonly, the third spatial dimension is reconstructed by applying
a deterministic scaling of the line-of-sight velocity that accounts
for the expansion of the Universe (Hubble flow). However, due to
gravitational effects, this transformation does not hold in the vicin-
ity of massive structures, such as galaxy clusters. In this work, we
propose an interpretable probabilistic model aiming to reconstruct
the three-dimensional radial distance of an observed galaxy from
its nearest galaxy cluster. Our model is completely transparent,
and it explicitly embeds astrophysical prior knowledge to account
for the non-trivial dynamics that are superimposed on the Hubble
flow. The three-dimensional radial distance is reconstructed in the
form of a posterior distribution, conditioned on the positional and
kinematical observations, which enables coherent quantification
of the predicted uncertainties. We train our model on data from
cosmological simulations, and then use it to reconstruct the actual
cluster neighbourhoods. We empirically show that our model is
more accurate in recovering the radial profiles of several simulated
clusters, for which the ground truth is known, compared to the
standard techniques. Crucially, our model-driven approach also
uncovers features of simulated cosmological data that are not yet
fully understood from a theoretical perspective, suggesting new
directions of research. This tool is designed for use by astronom-
ical observers, offering improvements over existing methods and
opening up possibilities for further scientific discoveries.
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1 Introduction

According to the standard cosmological model, we live in an ex-
panding Universe where, on large cosmological scales, every point
expands away from every other point with a velocity v that depends
only on the distance d separating them. The expansion follows the
so-called “Hubble-Lemaitre law” v = Hy d, where H, is Hubble’s
constant. Using the observed redshift of a galaxy’s spectra, we can
measure its line-of-sight velocity v with respect to us, and use the
Hubble-Lemaitre law to calculate the distance d to the galaxy along
the line of sight. In this way, it is possible to build large three-
dimensional distributions of galaxy locations within cosmological
volumes and map out the large-scale structure of the Universe.
However, in certain circumstances, the Hubble-Lemaitre law
is not fully valid. This is particularly the case in the vicinity of
galaxy clusters, structures with vast masses (10'*"°Mg, where
Mg denotes the unit of solar mass), often containing thousands of
individual galaxies. The deep gravitational potential of the cluster
pulls on neighbouring galaxies and slows their expansion below
the velocities predicted by the Hubble flow. This effect is significant
out to large distances from a cluster (up to tens of Megaparsecs
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1) as shown in Figure 1. If only the Hubble flow is assumed, the
reconstruction of the three-dimensional distribution of galaxies
from observation gets distorted. For example, a hypothetical galaxy
located at ri;ye = 6 Mpc from a cluster of mass ~ 5 x 10! Mg, would
be de-projected at an average distance ryr = 0.32 Mpc, incurring
in a relative error of Irar—ruvel/rye = 95 %.
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Figure 1: Radial velocity v, from the cluster centre as a func-
tion of the distance r from the cluster centre of galaxies in
the simulated data. The dashed line represents the Hubble
flow. The red solid line is the mean radial velocity predicted
by our model, accounting for the gravitational pull exerted
by the galaxy cluster.

Moreover, the motion of a galaxy is not only caused by the ex-
pansion of the Universe or the gravitational attraction towards the
major cluster structure. Indeed, it is also gravitationally influenced
by smaller, nearer sub-structures (such as galaxy groups), or by
local interactions with nearby galaxies, or by the conservation of
the momentum that the galaxy has had since the birth of the Uni-
verse, or by the drag exerted by intergalactic gas. All these effects
are usually interplaying, making the deterministic modelling of the
motion of a specific galaxy infeasible (note the dispersion of the
velocity in Figure 1). If these elements are not taken into account
when calculating the distance along the line of sight, significant
distortions may be introduced [14].

A further impediment to the three-dimensional reconstruction
is the impossibility of observing all six dynamical quantities (three
positions and three velocities) that describe a galaxy’s motion. In
fact, only two positions (in the sky plane) and one velocity (along
the line of sight) can be measured, causing a loss of information
that could never be physically avoided.

Our goal is to create a tool able to reproduce the radial distri-
bution of galaxies, up to a few tens of Megaparsecs around mas-
sive galaxy clusters, by correcting for the distortion effects due
to both the gravitational pull of the large-scale structures and the
shorter-scale dynamical interactions affecting the peculiar motion.
A user-friendly tool of this type would be of enormous value to the
astronomical community. Indeed, there is currently a surge of in-
terest in studying the surrounding of clusters, with dedicated deep
spectroscopic surveys actively measuring galaxy spectra around
multiple nearby clusters, both in the northern [17] and southern
hemisphere [26]. The growth and evolution of galaxy clusters and

IThe parsec is a distance unit of measure. The Milky Way’s diameter is ~ 27 kpc.
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their member galaxies are known to be directly influenced by their
surrounding large-scale structure [7, 9, 10, 13, 16]. The ability to cre-
ate more accurate three-dimensional representations of the vicini-
ties of observed galaxy clusters will provide crucial insights also
into the fields of cluster evolution [30], large-scale structure forma-
tion [3, 8, 22], and cosmology [4, 29], currently intensively studied
in the astrophysics community.

The two sources of distortion are known phenomena affect-
ing cosmological observations. However, common correction tech-
niques focus either on the large-scale distortion [18] or on the
peculiar motion inside clusters and groups [27]. Only a few works
account for both effects and apply the correction on the single-
galaxy basis [25]. However, the statistical dispersion is never taken
into consideration.

Related works in the field of galaxy cluster dynamics have adopted
a probabilistic modelling approach. In [11], assuming spherical sym-
metry, they estimate the mass of a galaxy cluster by analytically
modelling the average deviation from the Hubble flow that galaxies
show in the outer regions. Other approaches, with the same goal,
discriminate between the dynamics along the radial and tangential
directions [32], and take into account differences in the galaxies
orbital behaviour (infalling vs back-splash) [12]. The orbital clas-
sification itself is a subject of study that has been addressed with
probabilistic models built in the observation space [2]. All these
approaches are characterised by addressing the forward problem,
i.e. by building the model in the six-dimensional space and by vary-
ing the target parameters until the projected quantity of interest
matches the measurements.

Fewer works aim to solve the inverse problem, namely recon-
structing the full space from the projected quantities. In [24], the
Richardson-Lucy algorithm is used to recover the three-dimensional
gravitational potential of the cluster from the line-of-sight veloc-
ity. Similarly, the two-point correlation function of line-of-sight
velocity has been used to correct dynamical distortions for the
galaxies within the cluster [28]. The three-dimensional shape of
clusters can also be reconstructed using different observables than
the aforementioned dynamical quantities [19].

We approach the problem by constructing a transparent proba-
bilistic model that estimates the distribution of the three-dimensional
distance of a galaxy from the cluster centre, given its projected dis-
tance in the sky plane from the cluster centre, its line-of-sight
velocity relative to the cluster and the mass of the cluster of ref-
erence. We leverage Bayes’ theorem to solve the inverse problem,
so that we can define the likelihood in the full six-dimensional
space and fit its parameters on detailed cosmological simulations.
This enables us to embed the astrophysical knowledge about both
the Hubble flow correction and the dynamical perturbations in
our model, through explicit functional forms that depend on in-
terpretable and physically-meaningful free parameters. Our proba-
bilistic formulation allows to preserve all the possible information,
encoded in the posterior distribution, in a context where a deter-
ministic de-projection of the observables is impossible. In addition,
by providing a full distribution, we provide a coherent treatment
of the uncertainties along the reconstructed dimension.

Our methodology is the first, to the best of our knowledge, which
(a) addresses the de-projection of the three-dimensional structure of
(b) both the galaxy cluster and its surrounding, (c) with a continuous
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model, (d) that is physically informed and transparent, (e) naturally
incorporates the treatment of uncertainties and (f) relies jointly on
both the positional and the velocity observables.

2 Methodology

Given the goal of the project, we fix a comoving reference frame
with origin at the galaxy cluster centre, with the axis orientated
such that x, y describe the projection plane on the sky and z is
orientated along the line of sight. The vectors 7 and d represent,
respectively, the position and velocity of a galaxy in this reference
frame. Notation-wise, for a vector @ € R3, we denote its i-th com-
ponent by the subscript a;, the corresponding unit vector by a and
its norm induced by the dot product a = ||d|| = Va-a.

Consider a galaxy observed at the position (x, y) in the sky with
the line-of-sight velocity v,. The output of our methodology is the
posterior distribution over the actual three-dimensional distance
r of the galaxy from the cluster centre, given the velocity v,, the
observed projected distance from the cluster centre R := y/x? + y?
and the mass of the galaxy cluster in which the reference frame is
centred M:

1

where N is the normalisation factor. The factor P(r) is the empirical
prior distribution obtained from the training data distribution, while
P(R, v, | r, M) is the likelihood term which encodes the information
about gravitational and kinematical effects due to the presence of
the cluster.
Given our notation, geometrical considerations lead to
R=|F-[F-2] 2l

z

1
P(r|Ruv, M) = N P(R,v, | r,M) P(r)

@
®)

o-
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2.1 The Physics Involved

We model the galaxy’s motion within and around a galaxy cluster
as

o(r,M) =u(r,M) + [Hy r + veors (r, M)] 7 4)
where H, is the Hubble constant, # a the noise term and vor is
the velocity correction. The noise # is due to local perturbations
and can be considered as a zero-mean isotropic random variable.
Inside the cluster, # is dominated by the orbital motion around
the centre, while, on the outskirts, the dominant contribution is
due to the reciprocal attraction exerted by nearby galaxies and
the momentum conserved since the birth of the Universe. The
second term, aligned with the radial direction 7, accounts for the
expansion of the Universe (through Hy7)?, and for the gravitational
pull exerted by the galaxy cluster (through veer 7).

The magnitude of the velocity dispersion of galaxies inside the
cluster, namely (u?(r, M)) for small r, depends on the cluster mass,
and so does the magnitude of the velocity correction veor (r, M) due
to gravitational attraction. These two dependencies follow approx-
imately* the same scaling law, which can be absorbed by a wise

2The expansion happens in all directions equally. Since our reference frame is centred
in the cluster, our coordinates are affected along the radial direction.

3The gravitational attraction of the cluster acts on the radial direction only, as gravity
is a central force.

“If the density profile of different galaxy clusters is consistent, the scaling laws are
exactly the same. Despite, in reality, different clusters show a slightly different density
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choice of coordinates. Therefore, we express positions and veloci-
ties in terms of Virial units (explained in Appendix D), commonly
used in astrophysics [5], as they provide a scaling relation for dis-
tances and velocities that has the same dependency on the cluster
mass. The definition of the Virial units depends on an over-density
parameter A (see Appendix D for details), which in this work is
set to A = 200, following the common practice in observational
cosmology. The Virial radius ryg sets the scale for the cluster size,
and the Virial velocity vy sets the scale for kinematics inside it (as
discussed in Subsection D.2). Conveniently, the Hubble constant
Hy, which is a constant in physical units, remains a constant also
when expressed in Virial units (proof in Subsection D.1). This is
particularly important because it allows us to stack together data
related to clusters with different masses and generalise our model
more easily. The only residual dependency on mass lies in the noise
term outside the cluster, namely #(r, M) for r 2 rzgp.

We point out that stacking together data from different clusters
implies destroying the information about the three-dimensional
morphology, and inevitably implies the spherical symmetry assump-
tion. Even though the neighbourhoods of galaxy clusters are known
not to be spherically symmetric, the shape of a generic observed
environment is not known a-priori. Therefore, assuming spherical
symmetry allows us to generalise our model at the expense of some
accuracy loss, due to the non-spherical nature of the clusters.

2.2 The Likelihood

Given egs. (2),(3), the two random variables R and v, are not inde-
pendent, thus the likelihood P(R,v, | r, M) cannot be factorised.
However, they are conditionally independent if conditioned over
both r and Z. The likelihood term can be written as

P(R,u, | r,M) =P(v, | R,r, M) P(R| 1) (5)

so factorised in a geometrical component P(R | r) and a dynamical
component P(v, | R, r, M).

The geometrical factor can be computed considering that it rep-
resents the probability of finding, at projected distance R, a point
that is uniformly distributed on a sphere of radius r. The cumulative
probability distribution P(R" < R | r) represents the fraction of
area of the sphere of radius r that is covered by the two spher-
ical caps of radius R (one cap for each z-semi-axis). The area of

one of these spherical caps is A = 27r [r —-Vr? - RZ], leading to

P(R’ < R|r) =1-Vr*-R*/;, Taking the derivative with respect to
R, we obtain

P(R|r) = (6)

R
r Vr2 — R?
Another, more formal, derivation of this distribution is addressed
in Appendix C.

The geometrical component encodes the information of the ori-
entation of the reference frame 2, since eq. (2) relates z implic-
itly to r and R. However, eq. (2) is not immediately invertible,
as R(7,Z) = R(7,-%). By defining ¢ sgn(7 - Z), the implicit
equation 2(r, R, ¢) is well defined. When projected along the ra-
dial direction, this implicit equation assumes the explicit form

profile, the Navarro-Frenk-White model [20, 21] is commonly considered a solid
generalisation within few Megaparsecs from the cluster centre.



KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

7+ 2(r,R,¢) = ¢V1 — R*/;2. Thus, substituting eq. (4) in eq. (3) we
obtain

0z (r, M) = u, (r, M) + 6 41~ 1:_22 [Ho 7 + vcore(7)] (7)

It is then easy to deduce that the probability distribution P (v, |
Uz, Ucorr G R, 7, M) is a Dirac’s delta distribution (denoted by dp)
with the implicit form of eq. (7) as argument. Among the condi-
tioning variables, u;, vcorr and ¢ are dummy variables, so they can
be marginalised out to obtain the dynamical component of the
likelihood

P(v, | R,r,M) = / docorr P(veorr | R, 7, M) / du, P(u, | R, r,M) -

: / ng(g) P(UZ | Uz, Ucorrs Q,R, r,M)
3)

where P(g) = p(s-1)/2 + dp(s+1)/2 because of the reflectional sym-
metry of the problem with respect to the plane z = 0.

The last two elements to be determined in the likelihood terms
are the two probability distributions over u, and v¢or in eq. (8). To
properly model them, we project eq. (4) on the radial direction @ -
to obtain

0r(r, M) = u,(r, M) + Ho 1 + veorr (1) 9
Given that i is isotropically distributed, we have that P(u;) = P(u,).
Therefore, modelling the radial component is sufficient to fully
determine the likelihood distribution.

Similarly to [32], the probability distribution P(v,) is modelled
as the skewed t (ST) distribution®

P(or) =ST(vr; p, 0,v,4) (10)

where p is the average, o is the standard deviation, v is the degrees
of freedom and A is the skewness parameter. The explicit form of
the ST distribution can be found in Appendix E.

As a sum of the two random variables u, and vy, the probability
distribution of v, is obtained by the convolution

P(vr) = /Do dur P(ur) P(Ucorr =v,—Hor— ur) (11)

Given the assumption of isotropy and zero mean of the stochastic
noise #, all the information content about the offset and asymmetry
of P(v,) must be contained in P(vcor). In particular, P(veorr) can be
reconstructed by deconvolving eq. (11) once the explicit form of
P(uy,) is determined.

This can be attained by again leveraging the isotropy assumption.
According to the model in eq. (4), the only contribution to the
velocity that is not along the radial direction is due to . Placing a
Cartesian reference frame on a galaxy with velocity d, orientated
so that one axis is # and the other two (é;, é;) define the tangential
plane, we have ¥ - é; = v; = u;, with i = 1,2. Since # is isotropic,
P(u;) = P(u1) = P(uz). Defining the tangential speed as ug

\Ju? + u?, the probability distribution P(uq) is related to P(u,) as

(12)

This relation is particularly important because it allows us to un-
ravel the convoluted distributions in the radial direction and to

P(ug) = P(|| (w1, u2) ) with uyp ~ P(uy)

SA different probabilistic model for v, was used in [12], but our formulation contains
physically interpretable parameters.
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determine both the appropriate functional form and the parame-
ter values for P(u,). We also used this relation to regularise the
parameter fitting procedure, as explained in the following section.
The data shows that the choice of a t distribution for P(u,) with
4 =0and A =0 leads to a distribution P(uq) that mimics well the
empirical distribution of the tangential speed, as shown in Figure 2.

1.2 4
I Data

s 0.8 1 m— Fitted P (v,; 4, 0, v, A)
o 0.4 —== Fitted P(v; u,0,v,0)

0.0 T \

-3 -2 -1 0 1 2 3
Vr [V200l
1.5 1
B Data

E 1.0 = Fitted P (uq; 0, V)
o

0.5

1.5
Uq [V200l

0.5 1.0 2.0 2.5 3.0

Figure 2: Comparison between the fitted distributions in
eqs. (10)—(12) and the respective data, in the bin with M €
[2.1,3.71] X 10"*Mg and r € [2,2.5]rz00. The dashed red line
in the top panel shows the distribution when the skewness
parameter is forced to be 0.

2.3 Model Fitting

The dataset used to fit the model parameters is obtained from the
Uchuu simulation®, a large high-resolution cosmological simulation
[1, 15] that creates a complete mock Universe within a 2 Gpch™!
volume. First, from the simulation we select 1000 random clusters
with a uniform probability, to preserve the statistical representa-
tion that each cluster has in real observational data (more massive
clusters are rarer). We also ensure these clusters are central halos,
meaning they are the dominant structure in their local environment,
and that they are not enclosed within a more massive halo. For each
cluster, we associate all the galaxies with distance up to 20 ryoo from
the cluster centre, and we augment the dataset by applying 64 ran-
dom rotations of the Cartesian reference frame to generalise with
respect to the point of view. At the end, we combine the data for
all the clusters and their associated galaxies to obtain ~ 8.5 million
galaxies. The dataset is composed of one entry per galaxy, with the
relative positions and velocities in the respective cluster-centred
reference frame, together with the information about the cluster
mass.

Considering eq. (10), a unique set of parameters for modelling
the radial velocity cannot be assumed for all r and M, because of
the dependencies in eq. (9). It is natural to look for estimates that
are only locally (in the (r, M) space) valid, as is also done in [12, 32].
Therefore, the galaxy data is first binned into 40 linear bins in r
and 5 logarithmic bins in M”. The binning scheme is chosen to
SFor data availability, see Section 6.
7Since massive clusters are rarer, there is an imbalance in the number of clusters in

each mass bin. However, the number of galaxies associated with massive clusters is
much higher, and it compensates for the bin imbalance.
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Figure 3: Fitting results for the parameter of the radial velocity distribution (eq. (10)). The dots represent the parameter values
obtained by the independent fits in each (r, M)-bin. The blue dashed line represents the average for fixed r across different M.
The red solid line represents the functional forms in eqs. (13)-(16) fitted to the average trend.

be fine enough to capture the variation of the data features and
coarse enough to ensure a statistically reliable sample in each bin.
The model (10) is fitted in each bin independently (the upper plot
in Figure 2 shows the result within one bin), and then smoothed
out by finding closed-form dependencies of the parameters of the
ST distribution on (r, M). Thus, we obtain a smooth conditional
density P(v, | r, M).

In Figure 3, each point represents the independent fit in the
respective (r, M) bin. While the dependency of the various parame-
ters on the distance from the cluster is evident, the dependency on
the mass of the cluster is weak in all cases but for . This effect is
expected and coherent with the reason behind the use of the Virial
units, as discussed in Subsection 2.1.

The fitting of the ST distribution (eq. (10)) on the radial com-
ponent of the training data was found to be unstable for o and v
over consecutive bins in r. In fact, although the shape of the ST
distribution is affected by v alone, its width is determined both by
o and v, leading to identifiability problems. To mitigate this, we
opted for a simultaneous fit of both P(v,; y, o, v, 4) and P(uq; o, v),
as shown in Figure 2 (note that the values of o, v are the same in
both distributions). Since P(ugq) has a higher sensitivity to the two
parameters, the simultaneous fit allows to break the identifiability
issue and stabilise the results of the independent fits.

The functional forms used to smooth the binned structure are

_ 1
1+ exp (—1',, [r - pﬂ])

pr(r)

& (1, M) = Ko (M) + |t = 5 (M) | exp (=7 1) (14)
e 1 R 0

! (r) B 1+ exp (_TV [r_pv]) ryv _)Bv ] (15)

A (r)y=ayr'*exp (-ty 1) (16)
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Equation (10) together with eqs. (13)-(16), specify a transparent
and interpretable radial velocity model P(v, | r, M).

Most of the parameters in these equations have an actual physi-
cal meaning, and the functional forms themselves are inspired by
physical considerations. Eq. (16) is the only equation that is com-
pletely data-driven, because the physical nature of the skewness in
the radial velocity distribution is uncertain. Eq. (13) is composed of a
transition term that smoothly interpolates between the average dy-
namics within the cluster, given by p*(r) = 0 since orbit-dominated,
and outside the cluster, given by the term in square brackets. This
transition happens at r = p,, and 7,, dictates how sharply the aver-
age galaxy changes dynamical behaviour. The second term in the
square brackets represents the average velocity correction due to
the gravitational pull of the cluster. Its shape is inspired to the form
eore(r) = a [/re] P used in [11], but generalised so that it does
not diverge in r = 0 and it converges to an offset k,, for r — oo.
The reason for the first is purely the numerical necessity to have
a unique function that fulfils lim,_,o p(r) = 0. The reason for the
second is that, moving farther away from the cluster, the mass
density reaches the average value of the Universe, leading to an
expansion that has the same gradient predicted by the Hubble flow,
but with an offset that depends on the accumulated mass. Eq. (15)
has a transition term that is semantically equivalent to the one
in eq. (13). Indeed, the dynamical behaviour inside the cluster is
more Gaussian-like, while on the outskirts the distribution is more
fat-tailed, even though the weight in tails decreases for large r. The
hyperbola term is data-derived. The functional form of eq. (14) is
data-driven as well, but its parameters have a physical interpreta-
tion: & is the velocity dispersion inside the cluster, which is known
to have a specific relation to the mass of the cluster, and it should
assume approximately a constant value in Virial units; k5 (M) is
the velocity dispersion outside the cluster, which is the only pa-
rameter to have a strong dependency on the mass of the cluster;
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7, represents the sharpness of transition between the dynamical
behaviour inside and outside the cluster.

The parameter k, shows an interesting behaviour: if one assumes
that the stochastic noise affecting the velocity outside of the cluster
is independent of cluster mass when expressed in physical units,
then expressing it in Virial units should introduce the dependency
Kg < M -3 (the reciprocal of the scaling in eq. (32)). However, we
find the following empirical relation in the data (see Figure 4):

+)

K

Ks(M) = ay exp ( (17)

The empirical measures of k, in each mass bin M are obtained
by computing the average 1/30 X5, <0 o(r, M), where 5 < r < 20
is discretised into 30 bins. r = 5 has been chosen conservatively
such that all the curves o*(r, M) are in their saturated regime (see
Figure 3).

4x1071
I
= 3x107!
N ® Averaged data
ax10-1] T Model
o« M~13 reference

10‘14 10‘15

M Mol

Figure 4: The red solid line represents eq. (4) fitted on the
data (purple dots). Each point is obtained as the average stan-
dard deviation of the radial velocity outside the cluster. The
dashed blue line is the expected x, (M) relation in Virial units
if k, had no dependency on M in physical units.

Given the small skewness A in Figure 3, we opt for an approxima-
tion of the model that discards the asymmetry in the distribution
of v,. The top panel in Figure 2 shows the comparison between
the asymmetric distribution and the approximated one. Such an
approximation has only second-order effects on the accuracy of
the posterior distribution, but facilitates a significantly simpler im-
plementation of the model. Even though the non-Gaussian effects
in the radial velocity have already been discussed in [31], a linear
theory that discards them is commonly adopted in cosmology. Thus,
after fitting all the model parameters, we force a; = 0 in eq. (16).
Doing so, all the information content about the velocity noise can
be included in #, and all the information content about the offset
must be included in vy, since 4 has zero mean. This leads to the
following model formulation:

P(u, | r,M) =ST(0,5*(r, M), v"(r),0)
P(Ucorr | r) = 5D(.U*(r) —Hy r)

Given the isotropy of #, eq. (18) sets also P(u, | r, M). Together
with eq. (19), they can be inserted in eq. (8) to obtain the dynamical

(18)
(19)

8 Alternatively, one could constrain the model to A = 0 and then fit the other parameters.
However, we found that, in such case, the tails of the distributions get over-emphasised
in the model, with poorer fitting of the parameter values.
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component of the likelihood. This one, together with the geomet-
rical component in eq. (6) constitute the full likelihood. Finally,
considering the empirical prior P(r), we obtain the posterior distri-
bution in eq. (1). A schema of the logic of our probabilistic frame-
work is sketched in Appendix A, Figure 9.

3 Results

Once the training is completed, we apply our model to the out-of-
sample (test) data. The test dataset is obtained by sampling, with the
same strategy, a new set of 1000 clusters from the Uchuu simulation.

We contrast the performance of our model with that of a simple
baseline, which assumes only Hubble flow and neither gravitational
pull nor complex dynamical effects. According to this baseline
model, the reconstructed radial distance from the cluster is:

] 2

We first check how accurately our model can reconstruct the
radial profile of the neighbourhood of an observed cluster. To do
so, we group galaxies that are associated with the same cluster.
Given the i-th galaxy, we define C¢ as the set of indices corre-
sponding to the galaxies associated with the c-th cluster. The true
number-density radial profile of the c-th cluster is then given by
aggregating r. . for i € C°, and getting the empirical distribu-
tion ng, . (r) = Pf,.(r). We then use our model to obtain the pos-
terior Ptinod(r | R\, 0) from eq. (1) for each galaxy. To obtain the
model-reconstructed number-density profile, we average over the
posteriors n (1) =1/|c°| Yiece Pr’;lod(r | R, 0l), where |C°| is the
cardinality of the set. We benchmark against the baseline by com-
puting nf, (r) = P{,(r), where P{,(r) is obtained by aggregating ry,,
computed according to eq. (20), Vi € C€. In Figure 5, we compare
the true and reconstructed radial profiles for three random clusters
in the test set. Our model is capable of accurately reconstructing
the galaxy cluster body (region within r < 1) and following the ra-
dial profile in the outer regions, especially for higher masses. More
massive clusters have more galaxies associated with them, and the
wider statistical sample helps the convergence of our probabilistic
model.

The various modes in the data distribution in Figure 5 are due
to the presence of sub-structures around the main galaxy cluster.
We notice that our model often captures the presence of these sub-
structures, but blurs their edges. The motion of a sub-structure as a
whole, together with the motion of field galaxies, is well captured,
since it is mostly driven by the presence of the main cluster. On the
contrary, those galaxies that are members of sub-structures undergo
a stronger (than the local average) dynamical perturbation, which
misleads our model about de-projecting the observed velocity v,
and, eventually, creates the blurring effect.

A more important benchmark concerns the performance of our
model in different regions of the observation space (R, v,) (often
addressed as phase space in the literature), shown in Figure 6. In
other words, we address the question “what is the accuracy of
the model in a given region of the phase space?”. To answer, we
set up a regular grid in the phase space, where each point has
coordinates (R/, 0¥). We set two windows of amplitude Ag and A,
centred in each point of the grid, and we aggregate the galaxies,

0
=.|R2+|-Z 20
Tbi H (20)
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Figure 5: Comparison between the true (purple histogram)
and the reconstructed (red solid line for our model, black
dashed line for the baseline) three-dimensional radial profile
for three clusters in the test set selected at random. The
galaxies in these plots are selected such that r < 2015¢0.

indexed by i, in sets S = {i : [R' = R/| < Ag A v} - vgl <

Ay}. The cardinality \Si’j | of all these sets is shown in Figure 8.

Then, we compute the probability distribution of finding a galaxy

at distance r in each of these windows. With our model, we obtain

ijr’ll;d(r) = 1/|s7%] 3, csik Pmoa (7 | R%, vl). To compare with the true
j.k

P2 (r) and

and baseline analogous distribution, we compute both P, .
and rl‘;l,

Pl{ik(r) as the empirical distributions of, respectively, ri,.
with i € $7*. For some windows, the three probability distributions
are plotted in the panels (a)-(g) of Figure 6. The baseline is a bell-
shaped distribution centred in /¥ = v/(R/)? + (¢§/m;)2, and does
not match the true distribution. On the contrary, the posterior
distribution accurately recovers the shape of the true distribution in
every region of the phase space. The bimodality of the distributions
can also be physically explained: there is one mode at r/* = R/ due
to the geometrical component of the likelihood (eq. (6)) and another
mode due to the dynamical component (eq. (8)). The two modes
have a relative weight that gets naturally adjusted by the model
across the phase space. Both these relative weights and the shape of
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the posterior only derive from physics-constrained transformations
and data-driven functional forms of P(u,) and P(vcorr)-

In the top-left panel of Figure 6, we show the different perfor-
mance of our model in different regions of the phase space. We com-

pute the error in each window as sr’;’]ﬁd = f dr |€£ﬁdel(r) - Pt’;’fq(r)L
In the bottom-left panel we show the ratio &, /ﬁ];’:d’ where Ef,i is

computed analogously. The worst performance of our model is
found in the annular region around the central galaxy cluster, i.e.
in the region R? + 02 ~ 2. The reason for this effect can be found
in Figure 1, by observing the density plot corresponding to the
edge of the cluster (for 1 < r < 2.5). Here, two different popula-
tions of galaxies are present: those infalling into the cluster (having
(v,) < 0) and those orbiting around the cluster (having (v,) = 0). Al-
though we do model such a smooth change of dynamical behaviour
through the sigmoid terms in egs. (13),(15) and the exponential
term in eq. (14), our probabilistic model for v, (eq. (10)) is unimodal.
This leads our model to misinterpret those galaxies that lie in the
transition between the two dynamical behaviours, hence lowering
the accuracy.

The unmodelled bimodality of P(v,) on the edge of the cluster is
also the cause for the kinks in the fitted values of the parameters v
and A in Figure 3: the fitting procedure tends to increase the shape
and skewness of the ST distribution to account for the presence of
the second mode.

Considering the poor performance of the baseline methodology
proven in Figure 6, the reconstruction of the radial number-density
profile in Figure 5 can look surprisingly good. We explain this effect
by noticing that, in the panels (a)-(g) of Figure 6, ry) is inaccurately
recovered, sometimes underestimating i, sometimes overesti-
mating it. When aggregating over different galaxies around the
same cluster, these inaccuracies tend to cancel out, building up a
strong flat noise. Moreover, the baseline reconstructs r,; discarding
any dynamical perturbation to the Hubble flow. For all the galaxies
on which these dynamical perturbations act in the xy-plane, the
distortion is zero, and the baseline reconstruction is exact (but for
an offset due to vorr).

3.1 Application to SDSS Data

Our methodology is developed with the aim to be applied to observa-
tional data. Since the ground truth is not available on non-simulated
datasets, we resort to compare our methodology with an alternative
reconstruction technique. In [25], the authors develop a correction
method for the redshift and apply it to the galaxies observed by
SDSS’. We randomly choose a massive cluster in the catalogue and
select all the observed galaxies with measurements contained in
a square window in the phase space (R,v,). On these galaxies, we
apply our methodology and obtain one posterior for each galaxy.
In Figure 7, similarly to what is already shown in Figure 5, we show
the reconstructed radial profile in three dimensions of one cluster
of the SDSS dataset. The number density distribution of the baseline
model is obtained as the empirical distribution of rll;l computed as in
eq. (20) on the selected galaxies; the distribution of the alternative
correction method is obtained as the empirical distribution of r;lt
computed by [25]; the distribution of our model is obtained as the
average (flat mixture) of the posteriors on each selected galaxy.

“For data availability, see Section 6.
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Figure 6: Model performance across the phase space. Panels (a)-(g) compare the distribution of the recovered r from our model
(red solid line) and the baseline (black dashed line), contrasted with the empirical true distribution. The top-left panel shows
the L!-distance between the true and the model-reconstructed distribution. The bottom-left panel shows the reduction factor
of the error computed on our reconstruction compared to the baseline.
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Figure 7: Reconstruction of the three-dimensional radial pro-
file, in terms of galaxy number density, of a cluster observed
by SDSS with coordinates RA = 223.28° and DEC = 16.79° in
the sky, and redshift z = 0.04556. Our methodology (red solid
line) is compared to the baseline model (black dashed line)
and to an alternative methodology proposed in [25] (orange
dash-dotted line). The galaxies in these plots are selected
such that R < 101390 and |v,| < 1vagp.

In Figure 7, we notice that our model is able to de-project real
data and find a radial density profile similar to the one found on sim-
ulated data (true distribution in Figure 5) at small scales (r < 21509).
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As already observed, the baseline model fails completely at recover-
ing the inner cluster. The alternative correction correctly recovers
the core of the cluster, but the drop in the density is found too
far out from the centre. A sub-structure is coherently found by all
three reconstruction techniques around r = 10 ryg. Another sub-
structure is found around r = 7 rz99 by the baseline and alternative
methods, while our model locates it at r = 8. In between the
previous two sub-structure, a smaller third one is found coherently
by our and the alternative methodologies, while it is absent in the
baseline reconstruction. Due to the lack of a ground truth to bench-
mark against, it is not possible to determine which reconstruction
method provides the most accurate result.

3.2 Computational Cost and Scalability

While our methodology is inherently more complex than the base-
line approach, its low computational cost makes it practical even
for large datasets. Training on approximately 8 million simulated
galaxies, as described in this paper, takes around 0.7 CPUh on a
single core of an Intel® Xeon® Platinum 8360Y. In the evaluation
stage, on the same processor, the posterior of each galaxy can be
generated in approximately 10 CPUps. In both stages, RAM usage
is dominated by dataset loading. This computational efficiency re-
sults from a lean methodological design with fewer than twenty
free parameters. Our implementation ensures, both in the training
and in the evaluation stage, a linear scaling of the computational
requirements with respect to the number of galaxies considered.
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4 Discussion and Conclusion

Our study shows how probabilistic modelling can be used to recover
the three-dimensional distance of a galaxy from a nearby galaxy
cluster given its astrophysical observations. In a context where the
information content is inevitably lost due to physical observational
constraints, our approach is able to reconstruct the true distance
with good accuracy, at least in a statistical sense (see Figure 5-6).
Since no ground truth can be known on real data, we resort to
detailed cosmological simulations to both train and test our model.
Our model design explicitly embeds cosmological theories and
relies on free parameters that have an actual physical meaning
(as discussed in Subsection 2.3), allowing for better control and
understanding of the model behaviour.

The use of an explicit model highlights features in the data that
merit further theoretical investigation. One of these features is
the skewness of the radial velocity distribution (see Figure 2 and
Subsection 2.3). Although a negative skewness has already been
noted and discussed [31], we observe in the data (bottom-right
panel in Figure 3) an unexpected correlation between the skewness
and the mass of the cluster, both in magnitude and in sign. Positive
skewness requires further investigations, especially related to big
galaxy clusters [6, 23].

Another interesting feature found in the data is the exponential
suppression of the radial velocity dispersion (in Virial units) with
respect to the mass of the cluster (see Figure 4). Some works try to
relate the velocity dispersion along the line of sight to the mass of
the cluster [12, 32], but the exponential behaviour is not mentioned.
This aspect should be further inquired as well.

The model presented in this work has two main limitations. The
first is due to the modelling of dynamical perturbations caused by
the galaxy cluster alone. Although this assumption holds for field
galaxies and sub-structures as a whole, it is not valid for member
galaxies of those sub-structures (as discussed in Section 3). This
effect can be strongly mitigated by using our model in a hierarchical
fashion: first, identifying all the sub-structures and the galaxies that
are contained; next, de-projecting these galaxies with respect to
the sub-structure and removing them from the galaxies to still be
processed; then, de-projecting the sub-structure as a whole with
respect to the main cluster; finally, aggregating the hierarchically
reconstructed sub-structures in the bigger picture.

The second limitation is related to modelling the radial velocity
distribution as unimodal (as discussed in Section 3). This will be
addressed in future work by rewriting the likelihood as a mixture
model for galaxies with different orbital classifications, as inspired
by [2, 12, 32].

A minor, additional limitation is the assumption of spherical
symmetry. While spherical symmetry is a necessary ingredient
for generalisation outside of the galaxy cluster, the shape of the
cluster can be recovered by incorporating a probabilistic model
for triaxiality [19] in the likelihood. This would only marginally
improve the accuracy of our model, and only for r < 1r300.

One important future development of this methodology regards
the target variable of the posterior distribution, changing from the
radial distance r to the line-of-sight distance z. It will allow users
to directly obtain a probability distribution over the unobservable

position, without needing to compute it from zp0q = £ /rfno .~ RE
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The major improvement will lie in the coherent treatment of the
sign of z, since dealing with the radial distance r implies reflective
symmetry with respect to the plane z = 0.

A great feature of our methodology is the possibility to incorpo-
rate new dependencies from additional observable characteristics
of galaxies. For instance, the stellar velocity dispersion within a
galaxy [16], the star formation rate [10] and the colour of a galaxy
[7]. All these observables can be independently measured from
the kinematical quantities used in this work, and can be added as
conditioning variables of the posterior to improve accuracy and,
especially, reduce uncertainties.

Another, even more important, feature of our methodology is the
possibility to naturally account for observational errors on individ-
ual galaxies. Suppose a galaxy is observed having velocity v, at a
distance Ryps in the sky from a cluster of mass M. These measure-
ments come with the associated uncertainties, which can be repre-
sented by an error model P(R, vz, M | Robs, Uzobss Mobs)- By sampling
this error model, one can obtain multiple triplets (R, v,, M), and, for
each, a posterior distribution. Then, averaging over these posteriors,
one obtains the distribution P(r | Rops, z0bs» Mobs ), Wwhich blends
the information about the dynamical model with the observational
uncertainties. The fully-probabilistic modelling ensures extreme
versatility as it imposes no constraints on the error model.

To conclude, in this work, we present the first attempt, to the best
of our knowledge, towards the three-dimensional reconstruction
of the surroundings of an observed galaxy cluster. We tackle the
problem with a probabilistic formulation that is transparent (all the
parameters are interpretable and the complexity is kept low), versa-
tile (answers a general question from which more specific problems
can be addressed), extensible (more observables can be included to
improve the performance), conceptually-consistent (probabilities
and uncertainties are propagated through physics-based transfor-
mations) and computationally cheap (applicable to massive datasets
with reasonable computing resources).

5 Limitations and Ethical Considerations

The data we use are not sensitive and no concerns for privacy or
vulnerability are to be raised.
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Figure 8: Number of galaxies contained in each square win-
dow of the phase space pictured in Figure 6.
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Figure 9: Probabilistic model schema. Light green boxes rep-
resent independent considerations that can be taken at the
start by observing the data; cyan boxes represent mathemati-
cal operations; yellow boxes represent the key steps when the
probability distributions are determined; pink boxes high-
light important dependencies for the flow of the logic; purple
boxes represent the assumptions made; the dark green box
represent the output of our model.
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B Additional Tables

Table 1: Symbols used in this paper and their meaning.

Variable ‘ Meaning ‘ Unit
7 3-dimensional distance 200
R distance projected on the sky-plane I'200
7 3-dimensional velocity V200
v, line-of-sight velocity V200
M galaxy cluster mass Mo
Hy Hubble constant kms™! Mpc™!
A Virial over-density parameter

C Geometrical Component of the Likelihood

In this section, we analytically derive the probability distribution
P(R | r). We start by considering that, given a point at 7, this
probability distribution is not a Dirac-delta because the orientation
of the observation plane is unknown, which we can safely assume
to be uniformly distributed in three-dimensional space. We can
then invert the logic and consider the reference frame fixed and
the orientation of 7 being uniformly distributed on the sphere. This
leads to the probability distribution

PP -:yz ey dp (\/x2 +y?+ 22— r) (21)
Transforming it in cylindrical coordinates {x,y,z} — {R, ¢,z},
given that the determinant of the Jacobian is |J| = R, we obtain

P(x,y,2|r) =

R
P(R, ¢, z|r) = |J|P(x,y,2|r) = méD(VR2+Zz—r)

(22)
The probability distribution over R is then obtained by marginaliz-
ing over ¢ and z

+0oo R
P(R|r) = / dz —— (SD(\/RZ e r) (23)
0 R+ 2z
Using the property of the Dirac-delta

So(f(x)) = i Op(x — x1)
2T o)
with f(x) = VR? + x2—r,s0x1, = £Vr? — R? and f’ (x) = x/VREx2,
we can rewrite the delta term as
so(VR+22—r) = — " |6p(z= V2 —R?) + 6p(z+ Vi — R?
D( ) Vﬁfﬁ[D( ) D( (%)ﬂ

In eq. (23), considering that §p (z +Vr? — RZ) = 0 in the integration
domain, the evaluation of the integral provides

R
P(R = 26
== )

(24)
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D Virial Units

Virial units are defined from the Virial theorem, which relates the
kinetic energy to the potential energy of a system of particles at
equilibrium. Within a certain radius from the cluster centre, said
Virial radius, the galaxies move as particles at equilibrium in a
gravitational well. The Virial radius ry;, is defined implicitly as the
distance at which the dark matter density of the galaxy cluster
drops below a multiple A of the critical density of the Universe

,D(r < rvir) =A Pc (27)

The critical density of the Universe p, is the density of matter and
energy required for the universe to have a flat geometry, and it’s
given by
3 H?
Pe = 81 G
An over-density parameter A can be defined to arbitrarily set the
scale of the cluster size. Since rvi, depends on A, the Virial radius is
commonly denoted as r to make this dependency explicit.
The Virial mass and Virial velocities are defined from the Virial
radius as

(28)

4
MAZEITVZA,DC (29)
G M,
op = 2 (30)
A

The three Virial quantities scale with respect to each other as
(1)
(32)

OA CTA
3
A & MA

D.1 Hubble Constant

Importantly, we need to compute the value of the Hubble constant
expressed in Virial units. Isolating M from eq. (30) and substituting
it in eq. (29), and then isolating p. and substituting again in eq. (28),

10441
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we obtain , ,
30y _ 3 H;

anGAr: 8nG

When expressing distances and velocities in Virial units, we have
ra =1 =vp, and simplifying all the coefficients, we obtain

[2
H()Z Z

D.2 Velocity Dispersion

(33)

(34)

The velocity dispersion (v2) inside a galaxy cluster is approximately
(discarding coefficients of order ~ 1)

GM
@)~ == (39)
rA
Isolating Mx in eq. (30) and substituting it, we obtain
(%) ~ o4 (36)

which further motivates the choice of Virial units for this work.

E Skewed t Distribution
The skewed t distribution is defined by the function

1+v
2

2[x—p+b)?
v [ao]?[1+ Asgn(x — p + b)]?

1
ST(x;p,0,v,4) = N 1+
(37)

where y, 0, v, A are the parameters, and the normalisation factor N
and the two placeholders a and b are

_T(v2)ac+7v/2

N =

T(+f2)
~ [V T(-1)
b=2Aac 2z T
_ v 222y [T(v-1/2) ] K
a = [1+3/12]2v_4_ T |:r("/2) }}
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