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Abstract
Recovering filamentary structures from higher-dimensional point
clouds is a central problem in scientific discovery, e.g., in the analy-
sis of large scale dark matter filamentary structure of the Universe.
Such structures are often faint, sparsely sampled and submerged in
significant levels of noise. Even though observational data generally
includes item-wise uncertainty estimates, these are rarely incorpo-
rated in a principled manner into manifold-learning methodologies.
Finally, the filament detection algorithms usually involve multi-
ple hard-to-interpret parameters whose effect on the results can
be difficult to evaluate. To address these issues, we introduce the
Iterative Probabilistic Hough Transform (iPHT), a model-based
framework for discovering low-signal, spatially coherent noisily
sampled filaments embedded in extremely noisy 3D point clouds.
The iPHT formulates local structure inference as probabilistic vot-
ing over possible line orientations within spatial neighborhoods.
We quantify the uncertainty over the existence of a directional sig-
nature within each neighbourhood via the entropy of the obtained
angular distribution. We then iteratively remove points with highly
uncertain neighbourhoods (high entropy), while modifying at each
iteration the contribution from each point via a Bayesian update.
This provides a principled criterion for suppressing. Importantly,
our method is governed by a single physically interpretable parame-
ter allowing explicit control over the inductive bias.We demonstrate
on synthetic data with known ground truth that iPHT achieves
high-fidelity filament recovery under extreme noise regimes where
standard clustering and graph-based methods fail. We then apply
iPHT to real world spectroscopic observations of the Large-Scale
Structure of the Universe. The method identifies stable, physically
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meaningful filaments and exhibits greater robustness to parame-
ter variation than the widely-used alternative DisPerSE. We find
DisPerSE prone to hallucinating structures under comparable con-
ditions.
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1 Introduction
Clustering is a key tool in unsupervised machine learning for find-
ing patterns in data [13]. However, traditional methods such as
K-means and hierarchical clustering struggle with noise, which re-
duces their accuracy and increases computational cost [12, 30]. To
deal with this, several methods have been proposed. CDKNN [15]
uses directed k-nearest neighbours to find clusters even when noise
is present. DBSCAN [15] looks for dense regions in the data using
a neighbourhood radius and a minimum number of nearby points.
KdMutual [21] combines density peak and connectivity-based ideas
with a filtered single linkage, which helps it handle clusters of
different densities without merging them too early.
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Torque Clustering (TC) is a physics inspired algorithm that op-
erates without requiring any parameters [34]. It is framed as hier-
archical clustering algorithm that builds a full compositional tree
of clusters and prunes the tree according to conditions that mimic
agglomerative cosmological clustering (based on mass and distance
comparisons between leaf clusters).

Despite these advancements, most existing techniques face chal-
lenges in accurately determining the number and structure of clus-
ters when noise is high. In this paper, we present a new approach
that can identify low-signal structures based on iterative Probabilis-
tic Hough, Model-based Transform (iPHT). PHT offers accuracy
and robustness in highly noisy situations, making it especially use-
ful for recognizing one-dimensional structures. The Hough trans-
form [8] was initially designed to detect line elements (or other
parametrized curves) in pictures. However, it is unreliable when
in the presence of noise. In contrast, the PHT extends this frame-
work by leveraging probability distributions and prior knowledge,
improving performance in noisy scenarios [36].

Understanding the structure of the Universe at larger scales
than the local Group (hosting the Milky Way) is crucial in the
comparison of different cosmological models. The inhomogeneities
superimposed on a statistically homogeneous background matter
distribution are of galaxy (super)clusters, filaments, walls and voids
[11]. The collection of these intricate patterns in a global structure
at larger scale is referred to as the Cosmic Web [2].

These inhomogeneities grow from small primordial density per-
turbations in the Λ−CDM model. In overdense regions, self-gravity
overcomes the background expansion, leading to the nonlinear
collapse of dark matter into haloes and the emergence of the fila-
ment–wall–void cosmic web [35].

Cosmological N-body simulations follow the evolution of colli-
sionless dark matter as a large number of particles that sample the
underlying matter distribution and interact only through gravity.
Gravitational collapse of this particle distribution leads to the for-
mation of dark matter haloes and subhaloes, which are identified
with halo-finding algorithms. Galaxy–halo connection models (e.g.,
halo occupation distributions, abundance matching, and hydrody-
namic simulations) associate galaxies with these haloes. Because of
this connection, clustering can be used to infer the properties of
dark matter and cosmological parameters (see e.g. [31]).

While nodes (hosting clusters and super-clusters of galaxies) in
the Cosmic Web define main basins of attraction, filaments (and
walls) act as channels directing the flow of the surrounding matter
[14]. Thus, tracing cosmic web filaments is essential in understand-
ing the dynamics and distribution of visible and dark matter.

Most filament-finding methods are developed and extensively
tested in cosmological simulations [5, 16, 23, 24, 33], with a smaller
but growing number of applications to spectroscopic galaxy surveys
such as VIPERS [17] and SDSS [18] or specific sub-samples (e.g.
around the Fornax-Eridanus complex [20]).

The major filament detection algorithms used within the litera-
ture can be categorized into three classes.

Topological Data Analysis: DisPerSe [24] is the most widely used
approach in this category and overall in cosmology. While produc-
ing skeletons of the filaments directly on point-clouds, its hyper-
parameter is hard to tune and interpret. Drawing on Topological
Data Analysis principles, it is also sensitive to noise corruption [1].

Hessian matrix analysis: Whether applied to the density field
(NEXUS [5]) or to the velocity field (COWS [19]), these methods
rely on imposing a grid over the volume occupied by the data. Com-
putation of the Hessian is hampered when data is scarce or with
systematically varying density, as is the case for observational Cos-
mic Web. Since both methods need a grid as input rather than raw
point clouds, they are not included in themain synthetic benchmark.
Instead, we compare them with iPHT separately in Section 3.2, after
converting the point cloud to a density grid.

Natural Computation: 1-DREAM [3] (and previous work inmulti-
manifold learning [4]) exploits emergent behaviour of ant-colonies
to highlight over-dense, locally aligned structures. It relies on Prin-
cipal Component Analysis (PCA) to evaluate the local alignment
within local neighbourhoods. However, PCA is sensitive to out-
liers, thus highly noisy and sparsely populated neighbourhoods
have more uncertain orientation than more compact ones. Extreme
sparsity reduces the accuracy of 1-DREAM.

We compare the results of iPHT with the ones from DisPerSe, as
this is widely adopted as a baseline in the analysis of simulations
and observations of the cosmic web. The main contributions of our
work are:

- We demonstrate how imposing a model over the directional
alignment of points within local neighbourhoods greatly enhances
the recovery of noisily sampled manifolds, in the presence of ex-
treme contamination noise.

-We derive a model-fitting technique that relies on the alignment
between the model’s local tangent space and the distribution of
points within the member neighbourhoods.

- We compare iPHT with existing manifold learning and den-
sity based clustering techniques, stress-testing their capabilities at
extreme noise contamination levels. We find that iPHT recovers
much more reliable structures in controlled experiments.

- We show how iPHT can extract detailed, persistent filaments
from observations of the Large Scale Structure (LLS) of the Uni-
verse and compare to the state-of-the-art in the field (DisPerSe),
highlighting the more reliable behaviour of iPHT in the comparison.

2 Methodology Overview
We consider a dataset D = {x𝑖 ∈ R𝑑 | 𝑖 = 1, . . . , 𝑁 } with 𝑑 = 3,
composed of noisy observations of an unknown number of one-
dimensional structures (filaments) S𝑗 , each sampled by 𝑁 𝑗 points
and embedded in a noisy background of 𝑁𝑛 uniformly distributed
points. When 𝑁𝑛 ≫ 𝑁 𝑗 filaments are buried within a disruptive
amount of contaminating noise (low signal-to-noise regime). Iden-
tifying the structures through their over-densities only becomes
harder than in higher signal-to-noise situations.

However, filaments are by nature elongated structures, that can
be locally approximated by linear segments.

The proposed methodology draws from this property of fila-
ments and recovers them gradually by piecing together (and mod-
elling globally) locally linear "patches" from the noisy data. The
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Figure 1: Visualization of filaments in a Noisy Environment.

linearity of an 𝜖-neighbourhood is estimated via the Probabilistic,
Model-Based Hough Transform (PHT, [36]). Given a point from
the point-cloud, we let all points within its 𝑅-neighbourhood (from
hereon 𝜖 = 𝑅), vote over a set of directions passing through the
center, sampling the unit sphere. Votes are obtained by assuming a
noise model for the filament thickness and are accumulated to form
the Hough accumulator. We thus obtain, for each neighbourhood,
a distribution (normalized Hough accumulator) over the angular
space (sampled via a fixed set of directions). The entropy of this
distribution informs us on the degree to which the neighbourhood
presents a one-dimensional alignment. A higher entropy implies
broad angular distribution, lacking a clear modality, and thus a
clear one-dimensional alignment.

By iteratively filtering out high-entropy points and re-applying
PHT, iterative PHT (iPHT) can dig deep into the contamination
noise, to enhance the detection of locally aligned neighbourhoods.
A degree-two polynomial is fit to surviving points in isolated elon-
gated components with a dedicated procedure that accounts both
for the closeness of fit and the alignment between the PHT-detected
directions and tangents of the model curve (filament spine). We
demonstrate iPHT on a synthetic 3𝐷 dataset D ∈ R3 containing
three noisily sampled filaments with varying curvatures and align-
ments, embedded in high uniform noise, as shown in Fig. 1. Each
filament is sampled by 100 points and perturbed by uniform noise.
The functional forms of the filaments are shown in Appendix B.
In addition, the synthetic dataset used in this work, together with
the implementation of iPHT, is publicly available on GitHub at
https://github.com/OthHadi/iPHT/tree/main/iPHT.

2.1 Iterative Probabilistic Hough Transform
(iPHT)

The iPHT involves computing the neighbourhood-wise angular
distributions, filtering based on their entropy and iterating until
completion. We first describe the theoretical formulation of PHT
and then the iterative process.

2.1.1 Model-based PHT - Initialization. A line of length 2𝑅 passing
through a central point in c ∈ R3 can be parameterized using
a unit directional vector 𝝎 and a radial coordinate 𝑟 ∈ [−𝑅, 𝑅]:
c + 𝑟 · 𝝎. The direction space is discretized into 𝑁Ω directions,
represented by unit directional vectors 𝝎𝑓 , 𝑓 = 1, ..., 𝑁Ω , collected
in 𝛀 = {𝝎𝑓 |𝑓 = 1, . . . , 𝑁Ω}. Each direction 𝝎𝑓 is radially sampled
with 𝑁𝑅 points equally spaced in the interval [−𝑅, 𝑅]. We obtain the
set A = {q𝑎

𝑓
, 𝑎 = 1, . . . , 𝑁𝑅 ; 𝑓 = 1, . . . , 𝑁Ω}, of size |A| = 𝑁𝑅𝑁Ω .

Given a point c ∈ D, its neighborhood is defined as N(c, 𝑅) =
D ∩ B(c, 𝑅), where B(c, 𝑅) is the ball of radius 𝑅 centered at c.
Sampled candidate lines passing through the center c are given by
the translated set A = {q𝑎𝑓 = q𝑎

𝑓
+ c}𝑎,𝑓 .

Each point x𝑖 ∈ D is viewed as having been generated from a
Gaussian distribution centered at a candidate line point q𝑎𝑓 , with
spherical covariance Σ = 𝜎2I:

𝑝 (x𝑖 |q𝑎𝑓 , Σ) = G (x𝑖 |q𝑎𝑓 , Σ). (1)

In this study, as parameter 𝜎 is fixed for all points it is directly
interpreted as the thickness of the expected manifolds. Throughout
this work 𝜎 = 𝑅/3.

To quantify how likely a point x𝑖 is associated with a particular
line, we compute the posterior probability of a candidate point q𝑎𝑓 ,
given the observation x𝑖 :

𝑝 (q𝑎𝑓 |x𝑖 , Σ) =
𝑝 (x𝑖 |q𝑎𝑓 , Σ)𝑝 (q

𝑎
𝑓 )∑𝑁𝑅

𝑘=1
∑𝑁Ω

𝑙=1 𝑝 (x𝑖 |q
𝑘
𝑙 , Σ)𝑝 (q

𝑘
𝑙 )
, (2)

which can be interpreted as a probabilistic vote of observation x𝑖
for direction index 𝑓 at its 𝑎-th grid point.

Assuming the radial and angular priors are independent, the
prior over candidate line points q𝑎𝑓 factorizes as:

𝑝 (q𝑎𝑓 ) = 𝑝 (𝝎𝑓 ) 𝑝 (q𝑎). (3)

The overall vote that point x𝑖 casts for a direction 𝝎𝑓 is obtained
by marginalizing over the radial grid:

𝑝 (𝝎𝑓 |x𝑖 , c). =
𝑁𝑅∑︁
𝑎=1

𝑝 (q𝑎𝑓 |x𝑖 , Σ). (4)

Positioning the center at a point x𝑗 ∈ D, the directional proba-
bilistic votes from points in its 𝑅-neighbourhood, N𝑗 := B(x𝑗 , 𝑅) ∩
D, are mixed in a flat mixture1, referred to as the Hough accumu-
lator 𝐻 (𝝎𝑓 ;N𝑗 ):

𝐻 (𝝎𝑓 ;N𝑗 ) =
1

|N𝑗 |

|N𝑗 |∑︁
𝑖=1

𝑝 (𝝎𝑓 |x𝑖 , x𝑗 ). (5)

2.1.2 Entropy-based noise removal. Note that 𝐻 (𝝎𝑓 ;N𝑗 ) is a prob-
ability distribution over directions 𝜔 𝑓 localized at the point x𝑗 . The
normalized entropy 0 ≤ 𝐸 (𝝎𝑓 ;N𝑖 ) ≤ 1 of this angular distribution,

𝐸 (𝐻 (·;N𝑗 )) = −

𝑁Ω∑
𝑓 =1

𝐻 (𝝎𝑓 ;N𝑗 ) log𝐻 (𝝎𝑓 ;N𝑗 )

log(𝑁Ω)
, (6)

quantifies the degree of (un)certainty about the local directional
information in the neighborhood of x𝑗 . Lower entropy values signal
possible presence of local directionality, whereas points x𝑗 with
high entropy 𝐸 (𝐻 (·;N𝑗 )) can be discarded as not informative for
mining local such structures.

However, in low signal-to-noise regimes, the directional entropy
at data points is influenced by the contaminating noise. Thus, the
difference in entropy between informative and uninformative neigh-
bourhoods is generally not clear-cut, limiting the possibility of
choosing a single threshold above which to remove points.

1all points are deemed of equal importance

10386

https://github.com/OthHadi/iPHT/tree/main/iPHT


KDD ’26, August 09–13, 2026, Jeju Island, Republic of Korea Othman Alghamdi, Marco Canducci, Rory Smith, and Peter Tino

We adopt instead a conservative iterative approach. After having
computed the Hough accumulator in all points of the data set, points
with entropy higher than the (100 − 𝜂)-th percentile of the entropy
values across all points are removed from the data set D. Here 𝜂 is
a parameter regulating the aggressiveness of filtering. Throughout
our experiments 𝜂 = 5. Thus, only the top 5% of points with highest
entropy are removed at each iteration. We then repeat the PHT
computation on the residual set. However, the prior over directions
is no longer flat. Instead, the prior is now position dependent: at
x𝑗 , the prior is set to the Hough accumulator 𝐻 (𝝎𝑓 ;N𝑗 ) from the
previous step (Bayesian updating).

2.1.3 Iterative prior update. For a given iteration 𝑙 > 1, the esti-
mated Hough accumulator 𝐻 (𝝎𝑓 ;N𝑖 ) (𝑙−1) from the previous itera-
tion acts as the prior over the angular space for each neighborhood
(over the residual set resulting from iteration (𝑙 − 1)): Eq. (3) is thus
reformulated as:

𝑝 (q𝑎𝑓 )
(𝑙 ) = 𝐻 (𝝎𝑓 ;N𝑖 ) (𝑙−1) 𝑝 (q𝑎) (𝑙 ) . (7)

We then re-estimate the PHT using eqs. (5) and (6), filter out all
points x𝑗 with entropy 𝐸 (𝐻 (·;N𝑗 )) larger than the re-estimated
95 − 𝑡ℎ entropy percentile across all neighbourhoods and update
the angular priors via eq. (7).

At each iteration, we check whether filament candidates can be
extracted from the residual data. If any are found, they are removed
from D and saved for modelling. The identification and extraction
of candidate filaments is described in the next section.

This process is repeated until there are no points left in D. In
each iteration, points are removed either because they have high
entropy or because they belong to a detected filament. Since we
always remove at least 𝜂 = 5% of points in each iteration, the data
set will always be fully depleted and the process will stop.

2.1.4 Directional space discretization. For directional votes to act
fairly, the unit directional vectors 𝝎𝑓 collected in 𝛀 need to sample
the unit sphere uniformly. To that end we employ the regular octa-
hedron technique [10] that guarantees, at each level of refinement,
similar area across local linear patches approximating the sphere.

Due to the recursive construction of octahedra (see appendix
A), the spatial resolution (quantified through distance between
neighboring end-points of 𝑅 · 𝝎𝑓 on the sphere of radius 𝑅) of the
sampled directions is increased at each construction layer. This is
non other than the thickness of the detectable filaments. As a value
for 𝜎 is provided by the user, we recursively sample the spherical
surface at radius 𝑅. At each level, we evaluate the distance between
neighbouring points on the surface produced by the sampling, until
we find 𝜎𝑙 ≤ 𝜎 ≤ 𝜎𝑢 . Here 𝜎𝑙 is the maximum over all produced
distances such that 𝜎𝑙 ≤ 𝜎 and 𝜎𝑢 the minimum over the ones
where 𝜎𝑢 ≥ 𝜎 .

The iPHT is run for both resolutions 𝜎𝑙 and 𝜎𝑢 . Section 2.3 de-
scribes the methodology used to merge results of the two runs. We
find that this merged dual resolution process enhances the filament
detection results, when compared with single resolution runs.

2.2 Filament identification and modelling
2.2.1 Detection of filament Candidates. Filament candidates are
detected as connected components of the 𝑅-neighbourhood graph
H = (V, E) over the current dataset D, where each point x𝑖 ∈ D

is a vertex and (x𝑖 , x𝑗 ) ∈ E if ∥x𝑖−x𝑗 ∥ ≤ 𝑅. If a filament is identified
as a valid candidate for modelling (see below), its set of points is
removed fromD and stored for further spine modelling. At the end
of iPHT (depletion of data setD), we end up with a list of promising
filament candidates S1,S2, ..., with their associated model spines.

Consider now a single connected component Cℓ = (V𝑐
ℓ , E𝑐

ℓ ) of
H . At first, the filament spine parametrized as a second degree
polynomial is fitted to the set of its nodes V𝑐

ℓ :

f (𝑡) = Wt, W ∈ R3×3, t = [1, 𝑡, 𝑡2]⊤, 𝑡 ∈ [0, 1], (8)

with W as curve coefficients. For each point x𝑖 ∈ V𝑐
ℓ , squared

distance to the points on the curve is:

𝑠 (𝑡, x𝑖 ) = ∥f (𝑡) − x𝑖 ∥2 = (f (𝑡) − x𝑖 )⊤ (f (𝑡) − x𝑖 ), (9)

which is a 4th degree polynomial in 𝑡

𝑠 (𝑡, x𝑖 ) =
4∑︁

𝑘=0
𝐶𝑘 · 𝑡𝑘 ,

with parameters

𝐶0 =

3∑︁
𝜅=1

(𝑤1,𝜅 − 𝑥𝜅𝑖 )2, 𝐶1 =

3∑︁
𝜅=1

2𝑤2,𝜅 (𝑤1,𝜅 − 𝑥𝜅𝑖 ),

𝐶2 =

3∑︁
𝜅=1

[
𝑤2

2,𝜅 + 2𝑤3,𝜅 (𝑤1,𝜅 − 𝑥𝜅𝑖 )
]
,

𝐶3 = 2
3∑︁

𝜅=1
𝑤2,𝜅𝑤3,𝜅 , 𝐶4 =

3∑︁
𝜅=1

𝑤2
3,𝜅 .

(10)

Here 𝜅 denotes the dimension 𝜅 = 1, 2, 3. The closest point f (𝑡𝑖 ) on
the curve to x𝑖 is found by solving for the minimum of 𝑠 (𝑡, x𝑖 ):

𝜕𝑠 (𝑡, x𝑖 )
𝜕𝑡

= 0,
𝜕2𝑠 (𝑡, x𝑖 )
𝜕𝑡2 > 0. (11)

The tangent vector to the curve f (𝑡) at this point is:

¤f (𝑡𝑖 ) =
df (𝑡)

d𝑡

�����
𝑡𝑖

= W[0, 1, 2𝑡𝑖 ]⊤ . (12)

To validate if a filament candidate is promising, we require data
points within V𝑐

ℓ to show in their Hough accumulator profiles
a high alignment with the tangent space of f (𝑡) evaluated at the
closest point to them. The mode 𝝎𝑓 (𝑖 ) of 𝐻 (𝝎𝑓 ;N𝑖 ) for point x𝑖 is
compared to the corresponding tangent vector ¤f (𝑡𝑖 ) of f (𝑡) via

𝜙

(
𝝎𝑓 (𝑖 ) , ¤f (𝑡𝑖 )

)
= cos−1

(
𝝎⊤

𝑓 (𝑖 )
¤f (𝑡𝑖 )

¤f (𝑡𝑖 )



)
. (13)

For a filament candidateV𝑐
ℓ to be promising we require that 95%

of its points satisfy
���𝜙 (

𝝎𝑓 (𝑖 ) , ¤f (𝑡𝑖 )
)��� ≤ 𝜒 . If this is the case the

candidate is added to the list {S𝑗 } 𝑗 of filament candidates (kept for
further modelling) and the set V𝑐

ℓ is removed from D. We fix the
value 𝜒 = 𝜋/4 throughout all our experiments.

To fine-tune the least-squares second degree polynomial to the
data in V𝑐

ℓ we first re-parameterize the curve to lie within the
filament’s end-points (extremes). The weights of the polynomial
curve are then optimized to minimize a custom loss-function that
reshapes f (𝑡) to not only pass close to points from V𝑐

ℓ , but also
have its tangent bundle closely aligned with PHT modes of V𝑐

ℓ .
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2.2.2 Filament Endpoints Detection. To detect the endpoints X𝑗 ∈
S𝑗 of a candidate filament, we take advantage of the distinctive
properties of such structures: their elongation along a dominant
direction. We first evaluate principal components of the covari-
ance matrix computed within S𝑗 . All 𝑆 = |S𝑗 | points in S𝑗 are
then projected onto the dominant principal component (the one
with largest explained variance) 𝜸1. The minimum and maximum
projected points onto 𝜸1 identify the extremes of the filament:

m′
1 = arg min

x𝑖 ∈S𝑗
𝜸𝑇

1 x𝑖 , m′
2 = arg max

x𝑖 ∈S𝑗
𝜸𝑇

1 x𝑖 . (14)

Finally, the selected extreme points in the PCA subspace aremapped
back to m1 and m2 the corresponding points in the native data space.

2.2.3 Filament modelling. Endpoints m1 and m2 of filament S𝑗

anchor the polynomial curve extremes f (𝑡𝑚̂) and f (𝑡𝑛̂) via a repa-
rameterization 𝜁 (𝜏) that normalizes the parameterization to lie in
[0, 1]. The two extremes f (𝑡𝑚̂) and f (𝑡𝑛̂) are found following the
same optimization strategies in eq. (11). The reparameterization
takes the form:

𝜁 (𝜏) = 𝑡𝑚̂ + (𝑡𝑛̂ − 𝑡𝑚̂)𝜏, (15)
allowing 𝜏 to replace 𝑡 through an invertible transformation. The
parameter 𝑡𝑖 that identifies the closest point on the curve from x𝑖 ,
can then be expressed as 𝑡𝑖 = 𝜁 (𝜏𝑖 ).

Filament modeling leverages a multi-objective loss function in-
corporating both geometric fitting and angular alignment:

L(W) =
𝑁∑︁
𝑖=1

| |f (𝜁 (𝜏𝑖 )) − x𝑖 | |2 − 𝑤̂1

𝑁∑︁
𝑖=1

𝐻

(
¤f (𝜁 (𝜏𝑖 ));N𝑖

)
(16)

Here, the first term is the squared error; the second term incor-
porates local directionality alignment via:

¤f (𝜁 (𝜏𝑖 )) = W [0, 1, 2𝜁 (𝜏𝑖 )]⊤ (𝑡𝑛̂ − 𝑡𝑚̂), (17)

which yields the tangent vector evaluated at the closest point
f (𝜁 (𝜏)) to x𝑖 . The weight 𝑤̂1 > 0 expresses trade-off between the
two objectives.

Note that 𝐻 (𝝎𝑓 ;N𝑖 ) is only defined for the discrete directions
in 𝛀, so we use the closest one to the tangent ¤f (𝜁 (𝜏𝑖 )):

𝐻

(
¤f (𝜁 (𝜏𝑖 ));N𝑖

)
= 𝐻

(
𝝎𝑓 ∗ ;N𝑖

)
, (18)

where
𝑓 ∗ = arg min

𝑓 =1,...,𝑁Ω

𝜙

(
𝝎𝑓 , ¤f (𝜁 (𝜏𝑖 ))

)
, (19)

and 𝜙 (·, ·) is the angular difference between two directions as de-
fined in eq. (13).

To optimize L(W), simulated annealing is used, updating the
weight matrix W by randomly perturbing one of its elements at
each iteration 𝜈 during training:

𝑜 (𝜈 ) = 1 + (−1)𝜚
[
1 − 𝜄 (1− 𝜈

𝐾 )
]
, (20)

with𝐾 = 15000, 𝜄 ∼ U(0, 1). Term 𝜚 ∼ B(𝐾, 0.5) is a binomially dis-
tributed parameter that has values in {0, 1}, making each iteration
a Bernoulli trial. The acceptance probability of transitioning from
W(𝜈−1) to W(𝜈 ) is defined as follows: ifL(W(𝜈 ) ) ≤ L(W(𝜈−1) ), the
new state is accepted with probability 1. Otherwise, it is accepted
with probability exp

[(
L(W(𝜈−1) ) − L(W(𝜈 ) )

)
/𝐽 (𝜈 )

]
, where 𝐽 (𝜈 )

is a temperature-like parameter that controls the likelihood of ac-
cepting higher-loss states and 𝐽 (𝜈 ) = 𝜛𝜈 𝐽 (0) , 𝜛 = 0.9995, and
𝐽 (0) = 500 [9]. This enables global exploration early and fine-tuning
later, converging to an optimal spine.

2.3 Model consistency under parameter
variation

Figure 2: Merging red and blue filaments detected at two
thickness scales.

As previously mentioned, discretization of the angular space
for the computation of PHT forces the detection and modelling of
filaments for two approximate values of filament thickness: 𝜎𝑙 and
𝜎𝑢 . Let us identify by {S𝑙

𝑝 }𝑃𝑝=1 the list of filaments recovered at 𝜎𝑙
and {S𝑢

𝑞 }
𝑄

𝑞=1, the one for 𝜎𝑢 (red and blue spines in figures 2a,b,c).
Slightly different lists can be recovered in the two cases. However,
as this is an effect of the implementation choice, it should not
affect the end result. We here propose a method to merge coherent
structures and discard discordant ones across the two lists.

Let us denote by f𝑙𝑝 (𝜁 (𝜏)), for 𝑝 = 1, . . . , 𝑃 , and f𝑢𝑞 (𝜁 (𝜏)), for
𝑞 = 1, . . . , 𝑄 , two spines detected at the thickness values 𝜎𝑙 and 𝜎𝑢
respectively. For both structures, given the parametric equation (8),
we can sample a set of points 𝐿 and 𝑈 defined as the embedded
points corresponding to a set of discrete values for parameter 𝜏 :
T 𝑙 = {𝜏𝑙0, . . . , 𝜏𝑙𝐿} and T𝑢 = {𝜏𝑢0 , . . . , 𝜏𝑢𝑈 } where 𝜏

𝑙
0 = 𝜏𝑢0 = 0 and

𝜏𝑙
𝐿
= 𝜏𝑢

𝑀
= 1 . Sampling of the parameter 𝜏 can be performed such

that:

∥f𝑙𝑝 (𝜁 (𝜏𝑙𝑏 ) − f𝑙𝑝 (𝜁 (𝜏𝑙𝑘−1))∥ ≤ 𝑅, ∀𝑏 = 1, . . . , 𝐿
∥f𝑢𝑞 (𝜁 (𝜏𝑢𝑏 ) − f𝑢𝑞 (𝜁 (𝜏𝑢𝑘−1))∥ ≤ 𝑅, ∀𝑏 = 1, . . . ,𝑈 .

(21)

Tangent vectors are computed using equation (17):

a𝑙𝑝 (𝜏𝑙𝑏 ) =
df𝑙𝑝 (𝜁 (𝜏))

d𝜏

���
𝜏𝑙
𝑏

, a𝑢𝑞 (𝜏𝑢𝑏 ) =
df𝑢𝑞 (𝜁 (𝜏))

d𝜏

���
𝜏𝑢
𝑏

. (22)
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Spines are merged into S𝑗 = S𝑙
𝑗 ∪ S𝑢

𝑗 if at least two consecutive
samples meet the two criteria:

closeness :∥f𝑙𝑝 (𝜁 (𝜏𝑙𝑏 )) − f𝑢𝑞 (𝜁 (𝜏𝑢𝑏 ))∥ ≤ 𝑅 (23)

alignment :𝜙 (a𝑙𝑝 (𝜏𝑙𝑏 ), a
𝑢
𝑞 (𝜏

𝑞

𝑘
)) ≤ 𝜓, (24)

where 𝜙 (a𝑙𝑝 (𝜏𝑙𝑏 ), a
𝑢
𝑞 (𝜏

𝑞

𝑘
))is the angle between vectors (eq. (13)) and

𝜓 = 𝜋/6. The full process is depicted in fig. 2.
The unified filament S𝑗 is then reprocessed using PHT with 𝜎𝑙

as the noise model (see 2.1.1) and re-fitted (see 2.2) to derive the
final spine. Only filaments meeting closeness and alignment are
retained; others are treated as noise.

2.4 Computational Complexity
The main cost is the PHT computation, which runs for every point
at each iteration. Building the KDTree costs O(𝑁 log𝑁 ), and for
each point we compute the posterior over its 𝑁 neighbours and
𝑁𝑅 · 𝑁Ω candidate directions, giving a total cost per iteration of:

O
(
𝑁 log𝑁 +

𝑁∑︁
𝑗=1

𝑁 · 𝑁𝑅 · 𝑁Ω

)
. (25)

Since 𝜂 = 5% of points are removed each iteration, 𝑁 decreases
over time and the method always terminates. For sparse data like
galaxy surveys 𝑁 ≪ 𝑁 , so in practice it runs much faster than the
worst case.

3 Experimental Setup
We evaluate the iPHT method on both synthetic and real-world
datasets, focusing on its effectiveness in recovering filamentary
structures in high-noise environments and comparing its perfor-
mance with other clustering algorithms.

3.1 Hyperparameter Configuration
The core parameter of iPHT is the neighborhood radius 𝑅, which
reflects the local scale of the target structures. We set 𝑅 = 0.21. The
thickness 𝜎 = 0.070 is approximated via a lower bound 𝜎𝑙 = 0.060
and upper bound 𝜎𝑢 = 0.075 to create two angular sampling grids
(𝑁Ω = 9, 19, 33 or 52 total directions). Additional parameters include
𝑁𝑅 =

(⌈
𝑅/𝜎𝑔

⌉
× 2

)
+ 1 = 7 (radial sampling) and 𝜂 = 5% (the

percentage of points with the highest local entropy that are pruned
at each algorithm iteration). iPHT has two kinds of parameters.
The first kind is set based on computational considerations. The
radial sampling 𝑁𝑅 has little effect on results but slows the method
down if increased. The simulated annealing parameters (𝐾 = 15000,
𝐽 (0) = 500, 𝜛 = 0.9995) balance accuracy and speed. The entropy
pruning threshold 𝜂 = 5% controls how many points are removed
at each iteration. Using a higher value speeds things up but risks
removing useful points too early. The second kind depends on the
filament properties, such as the thickness 𝜎 , which is taken from the
data when the noise level is known, and set to 𝜎 = 𝑅/3 otherwise.
The alignment threshold 𝜒 = 𝜋/4 accounts for filament curvature
and thickness, and we keep it fixed across all experiments in this
paper. To remove boundary artifacts (where artificial locally linear
patches are created due to the data box), additional points are added
in a buffer envelop of the box. These added points are not included
in the metric evaluation for any methodology.

Type Noise Upper 𝜎 Lower 𝜎 iPHT

Non-Bayesian 10000 40.053.75
30.0 34.043.75

28.25 8.016.5
7.0

0.0070.01
0.004 0.0060.009

0.004 0.0020.005
0.001

Bayesian 10000 62.573.0
53.25 103.5118.75

51.5 24.028.5
20.25

0.190.20
0.17 0.160.18

0.11 0.290.33
0.25

Table 1: Ablation study results at noise level 10000. Upper 𝜎
and Lower 𝜎 are single resolution runs, while iPHT uses the
merged dual resolution. Top values are the number of pre-
dicted clusters, bottom values are NMI scores in the format
averagemax

min .

3.2 Synthetic Experiments
We evaluate iPHT and competing methods (KdMutual [21], DB-
SCAN [15], TC [34], and 1-DREAM [3]) on 30 realizations of the
synthetic dataset in Fig. 1, with three filaments (100 points each)
embedded in noise levels ranging from 100 to 10,000 points.

Hyperparameters were selected systematically for each method.
TC requires no tuning; KdMutual uses prior knowledge for the
minimum number of clusters. For both DBSCAN and iPHT, 𝑅 is
varied across 30 values from 0.01 to 0.30. DBSCAN is also evaluated
across 19 density thresholds (minPts from 2 to 20), while iPHT is
tested over 2 combinations of 𝜎𝑔 and entropy threshold 𝜂. A con-
sistent elbow pattern in the number of clusters versus 𝑅 identifies
a stable optimal range, to which we restrict the final comparisons
(e.g., 𝑅 ∈ [0.02, 0.30] for 10,000 noise points).

The comparison is performed with respect to two key metrics:
the number of detected clusters (𝑄∗) and the Normalized Mutual
Information (NMI, [25]) between all detected filaments and the
ground truth ones. Each methodology is tested 30 times on differ-
ent realizations of the same ground truth set, 25-th, 50-th and 75-th
percentiles over both metrics are reported, for each method, in table
2. For the methodologies requiring hyper-parameter tuning, (iPHT,
DBSCAN,1-DREAM) in each run the same range of values over
the corresponding hyper-parameters is tested. For these methods,
the metrics reported in the table are estimated for the best com-
bination of hyperparameters, identified as the knee-point in the
hyperparameters-NMI-𝑄∗ surface. Across all results, the best ones
were chosen for each methodology, to be visualized. The recovered
structures are shown in Fig. 3.

We study two core components of iPHT. First, the Bayesian prior
update uses the Hough accumulator from the previous iteration as
the prior for the next iteration. Second, the dual resolution merging
combines results from 𝜎𝑙 and 𝜎𝑢 . Table 1 shows what happens when
each is removed at a noise level of 10000. Without the Bayesian
update, NMI drops from 0.29 to 0.006. The dual-resolution merging
also helps by removing filaments that are inconsistent across runs,
which reduces false detections.

From the Fig. 2, iPHT consistently predicts cluster counts close to
the ground truth and maintains higher, NMI scores across all noise
levels. In contrast, DBSCAN, although capable of high performance
with specific parameters, often fails with suboptimal ones, leading
to low average performance and frequent under-clustering. TC and
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Figure 3: From left to right, results of TC, KdMutual, DBSCAN, 1-DREAM and iPHT in red, over the initial point cloud in grey,
when number of noisy points in the volume is 10000.

Noise TC 𝐾𝑀∗ DBSCAN 1 − 𝐷∗ iPHT

100 44
4 910

9 67
5 44

4 44
4

0.880.89
0.86 0.840.86

0.82 0.870.91
0.84 0.770.79

0.74 0.900.93
0.87

500 711
4 911

7.25 78
6 44

4 55
4

0.620.67
0.55 0.430.45

0.41 0.820.84
0.78 0.710.73

0.69 0.800.82
0.74

1000 1722.5
13 910

6 1719
13 44

4 5.56.75
5

0.390.42
0.38 0.270.28

0.26 0.710.72
0.68 0.650.68

0.63 0.710.75
0.67

5000 5266.5
43.5 1415

12 9197
87.25 1113

10 1518
14

0.130.14
0.12 0.070.08

0.07 0.360.37
0.35 0.400.42

0.37 0.450.49
0.41

10000 67.581.5
60.5 2323.75

20 172178.75
167.25 41.045.5

39 24.028.5
20.25

0.070.08
0.07 0.030.04

0.03 0.180.19
0.17 0.160.17

0.16 0.290.33
0.25

10000∗ 72.588.8
67.0 16.518.0

15.0 190211
167 34.537.0

32.0 35.037.0
30.25

0.080.09
0.08 0.030.03

0.02 0.140.15
0.13 0.150.16

0.13 0.350.37
0.32

Table 2: Clustering results on synthetic datasets. Top values
in each row are the number of predicted clusters. Bottom
values are NMI scores in the format averagemax

min . 𝐾𝑀
∗ =Kd-

Mutual, 1 − 𝐷∗ = 1-DREAM. The row marked 10000∗ uses the
harder benchmark described in Appendix C.

KdMutual show poor performance under high noise, producing
many incorrect clusters.

Fig. 3 shows the best result for each method at 10000 noise points,
using the hyperparameter configuration that maximises NMI. TC
and KdMutual (the first and second from the left) fail to recover any
of the structures. DBSCAN and 1-DREAM (third and fourth) filters
remove most of the noise, but DBSCAN breaks filaments into dis-
connected parts, while 1-DREAM includes additional noise points.
iPHT (last plot) correctly identifies most ground-truth filaments
while keeping noise contributions low. iPHT also produces some
false positives, where noise points accidentally form locally aligned
patterns that are mistakenly detected as filaments.

These findings highlight iPHT’s robustness and accuracy. Un-
like DBSCAN, which is highly sensitive to tuning, iPHT performs
reliably across a broad parameter range, making it well-suited for
detecting filamentary structures in noisy datasets.

We compare iPHT with DisPerSE, COWS, and NEXUS on the
same 30 synthetic datasets, each containing 10,000 noise points.
Results are reported as median75th

25th percentile. For DisPerSE, we
pick the best F-score across all 𝜎𝑑 values for each realisation, giving

32.637.7
29.8. For COWS, we first convert the point cloud to a T-web grid

following the pipeline in [26], then pick the best parameter combi-
nation per realisation, giving 54.657.8

52.3. iPHT gets 66.169.0
65.2, which is

better than both. For NEXUS, we use NMI instead of F-score, since
NEXUS works on a voxel grid and assigns labels to points rather
than producing a spine. NEXUS gets 0.00340.0038

0.0031, while iPHT gets
0.290.33

0.25 under the same conditions. Overall, COWS and NEXUS
both struggle here because they need a density grid to work, which
is hard to build reliably when there are so many noise points. iPHT
does not have this problem since it works directly on the point
cloud.

The row marked 10000∗ in Table 2 uses a harder benchmark
whose filaments and noise are described in Appendix C. The back-
ground noise in this benchmark is non-uniform: it is a mixture
of 60% uniformly distributed points and 40% points drawn from a
Gaussian distribution centred at the origin 𝝁 = (0, 0, 0) with stan-
dard deviation 𝜎𝑛 = 0.5, which creates a dense noise cluster near
the centre of the volume that makes filament detection harder for
all methods. In this new benchmark, three filaments are embedded
in 10,000 non-uniform background noise points. The first filament
follows a cubic S-shaped curve, whose degree-three curvature does
not match that of the degree-two spine model. The second filament
is a straight line where the points are not evenly distributed along
its length, as they are sampled from a Beta distribution. The third
filament is a parabolic curve with a thickness that changes along
the filament, starting thick at one end and becoming thinner at the
other end. Even with these harder conditions, iPHT still achieves
a median NMI of 0.35, which is higher than all other compared
methods. This result suggests that the good performance of iPHT
in the main experiments is not simply because the test data matches
the model assumptions, but rather because the probabilistic voting
and entropy-based filtering are genuinely robust to this kind of
variation.

3.3 The Large Scale Structure of the Universe
We now consider the application of iPHT to the Large Scale Struc-
ture (LSS) of the Universe. The data set is obtained by merging dif-
ferent spectroscopic surveys. It was first presented in [29] and used
to identify the Large Scale Structure around the Fornax-Eridanus
Complex [20]. This catalogue has 78378 galaxies of which, 43480
are brighter than 𝐾𝑠 < 11.75 mag (from the 2MASS Redshift Sur-
vey), 3627 do not have measured Ks magnitudes, and the remaining
from 2M++ are at 𝐾𝑠 < 12.5 mag. It is complete for galaxies with
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Figure 4: Two slices of thickness 50Mpc each, from The Large
Scale Structure of the Universe, for our galaxy sample.

𝐾𝑠 < 11.5 mag, which corresponds to log10 (𝑀∗/𝑀⊙) = 8.40 at a
distance of 10 Mpc.

The final data set is presented in Fig. 4, along with two slices
(red and blue) selected for the comparison of iPHT and Disperse.
The two slices are orthogonal to the z-axis, centered at 𝑧 = 10 Mpc
and 𝑧 = 125 Mpc and both of thickness 50 Mpc

We test three common hyper-parameters for DisPerSe (𝜎̃ =

3, 5, 7) and show all detected filaments at each stage, overlayed
in ascending order. The results are shown in figures 5(a) and (d)
in shades of blue and with increasing line widths. We follow the
recipe explained in [22].

For iPHT, in order to capture themulti-scale properties of the LLS
and properly compare with DisPerSe, we run the full methodology
for a range of radii, from 2Mpc to 50Mpc, in steps of 2Mpc. To collect
results from all radii, we adopt the same technique used in section
2.3. In ascending order, from 𝑟 = 2Mpc to 𝑟 = 50Mpc, we collect all
the filaments detected and the associated point-clouds at 𝑅 𝑗 . These
are compared with all filaments at 𝑅 𝑗+1. Whenever a filament at 𝑅 𝑗

is included within the 𝜖-tube, with 𝜖 = 𝑅 𝑗+1, of a filament detected
at radius 𝑅 𝑗+1, the latter is kept and the former discarded. The
point-cloud of the filament kept at 𝑅 𝑗+1 will contain the ones from
𝑅 𝑗 . However, we keep all filaments that do not have intersections
across runs, without discarding them (as is done instead in section
2.3).

We obtain a tree of multi-scale structure compositions. The red
points in figures 5 (c) and (f) show the union of all points belonging
to detected filaments at any radius. The top row shows results
for the slice centered at 𝑧 = 125 Mpc, the bottom row, the one at
𝑧 = 5 Mpc. In both slices, the dominant structures at each scale are
recovered, while the rest (grey points) are considered noise during
the full iPHT process. These points correspond to neighbourhoods
with high entropy at any iteration of iPHT and across all radius
range.

Fig. 5, panels (b) and (e) show the spines recovered at all scales via
the technique proposed in section 2.2.3, as blue lines. The imposition
of a degree two polynomial for all filaments (our assumption) might
be too strict, as the filaments within the cosmic web show higher
curvature structures than predicted.

The results with iPHT are comparable with the ones obtained
withDisPerSe (fig. 5 (a) and (d)) in sparse regions. However DisPerSe
is highly sensitive to the choice of 𝜎̃ . While at 𝜎̃ = 3 (dark blue
lines) it tends to align more to existing locally aligned overdensities,
at higher values it loses this connection and tends to "hallucinate"
structures. For instance, 𝜎̃ = 7 (light blue curves) shows arbitrarily
detected filaments, rarely supported by existing points in the data
set. At 𝜎̃ = 3, it closes the observational gap between the two cones
at 𝑧 = 0.

The filaments detected via iPHT seemmore anchored on existing
points, especially when concentrating towards the inner region of
the data set. There, the density of galaxies is higher, being this
region closer to the observer and less limited in magnitude (and
thus detectability) than the outskirts. In these conditions, where
iPHT is designed to provide robust filaments, DisPerSe displays
many ramifications and highly non-linear structures, showing the
limitation of its topological analysis assumptions.

Furthermore, there is no fixedway or recipe to set hyper-parameter
𝜎̃ for DisPerSe a priori, and its lack of interpretability implies that
the reliability of the results is subject to the interpretation of the
user. Instead iPHT, relying on one dominant physically motivated
parameter lets the structure exploration be more robust and objec-
tive.

To quantify the visual comparison, we define the insignificant
fraction as the length-weighted fraction of skeleton segments with
no statistically significant galaxy excess, and evaluate it over a
grid of two radius multipliers (Appendix D). Figure 6 shows the
difference 𝜉1 − 𝜉2 between DisPerSE (𝜎̃ = 7) and iPHT. The map is
positive across almost the entire (𝑟, 𝑏) plane, confirming that iPHT
places a smaller fraction of its skeleton on regions unsupported by
galaxies, by up to ≈ 0.18. This holds across all scanned multiplier
combinations and is not an artifact of a particular radius choice.

4 Limitations and Ethical Considerations
We do not envision Ethical Concerns in our work but we provide
a brief analysis of the limitations. The computation of iPHT is
inherently slower than other methods, due to the computation,
for each neighbourhood at a given radius of PHT and the gradual
removal. Changing the percentage of points to be filtered out at
each iteration may improve speed at the cost of reducing the rate
of faint detections. The assumed degree-two polynomial model for
filaments may in some cases be too strict. However, it is trivial to
modify it to arbitrarily high degree polynomials, as the model is
explicitly formulated and tested against the data.

5 Conclusion
We present iPHT, a novel method for detecting filamentary struc-
tures in very low signal-to-noise scenarios. At high noise levels,
where all compared methods struggle, iPHT still recovers signa-
tures of the ground truth structures. In synthetic experiments, iPHT
outperforms DBSCAN, TC, KdMutual, NEXUS, and 1-DREAM in
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Figure 5: Comparison between iPHT and DisPerSE across 4 selected regions from the SDSS dataset.

Figure 6: Difference in insignificant fraction (DisPerSE 𝜎̃ = 7
minus iPHT) as a function of the 𝑟 (multiplier1) and 𝑏 (mul-
tiplier2).

terms of NMI. Compared to DisPerSE and COWS, iPHT achieves

higher accuracy while detecting a much smaller and more reliable
set of structures, even when the filaments go beyond the degree-two
polynomial assumption of the spine model.

We also applied iPHT to real spectroscopic observations of the
Cosmic Web. In sparse regions, the results are comparable to Dis-
PerSE. In higher-density regions, closer to the observer, iPHT re-
covers more reliable filaments, while DisPerSE tends to produce
highly nonlinear structures that are rarely anchored to existing
data points. We also show that iPHT is more robust to parameter
variation than DisPerSE, whose single hyperparameter is hard to
tune and interpret in practice.
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A Angular space discretization, implementation
details

While the PHT is inherently a continuous probability over all pos-
sible directions, a discretization of the angular (and radial) space
is needed for its computation. This poses the problem on how to
sample points on a spherical surface as regularly as possible, in
order to avoid introducing implicit biases in the PHT computation.
An initial guess could be to sample regularly the angular space with
a finite number of points sampling 𝛼 and 𝛽 . For instance, defining
the number of points to sample from 𝛼 ∈ [0, 𝜋 [ as 𝑁𝛼 and from
𝛽 ∈ [0, 𝜋 [ as 𝑁𝛽 , we would create a regular grid of 𝑁Ω = 𝑁𝛼𝑁𝛽

points. However, these points would sample the spherical surface
around the poles more densely than at higher latitudes (see fig. 7
(a)). When computing PHT on this grid, we would be more sensi-
ble to neighbourhoods more aligned along the polar axis, than to
any direction towards the equator. An alternative could be found
in nature, looking at regularities in the growth of floral features.
The Fibonacci lattice [7] aims at replicating the patterns found
in Nature by defining a sequence of points whose deviation from
regularity, across the spherical surface, is minimal. While this ap-
proach tends to be a good approximation to a regular grid over the
spherical surface, it is non-trivial to adapt it to our case. Indeed,
given PHT’s purpose in a neighbourhood is to estimate its local
alignment, we require symmetry w.r.t. the origin (centre of the
neighbourhood). However, when cutting the Fibonacci sequence to
one of the two polar hemispheres, its reflection across the origin
over the complementary hemisphere does not match the continuity
with the original directions. If through each original and reflected
point a line is drawn from −𝑅 to 𝑅, the regularity of the sample is
disrupted and the spherical surface’s sampling once again departs
from uniformity. Geodesic polyhedra [6] are well known, recursive,
geometrical structures that closely approximate the spherical sur-
face. In particular, the regularoctahedron has appealing symmetric
properties that can be leveraged in the angular space discretization.
The paper [10] by Adrian Holhos, and Daniela Ros,ca presents a
novel geometric method for partitioning the sphere into regions
of equal area, leveraging the properties of the regular octahedron.
The core concept involves constructing an area-preserving map
that facilitates a transformation from the unit sphere to the regular
octahedron, both centered at the origin. This mapping is essential,
as it ensures that the resulting divisions of the sphere maintain
equal area, representing a substantial improvement over previous
techniques that failed to ensure uniform area partitions. Addition-
ally, the authors employ the inverse of this area-preserving map
to formulate uniform and refinable grids on the sphere. Beginning
with any triangular uniform and refinable grid, their method fa-
cilitates the creation of a hierarchical grid structure that upholds
equal area partitions. This innovative approach proves advanta-
geous for computational applications that require consistent area
measurements across the sphere. The basic definition of a geodesic
octahedron is that of a square-based pyramid, reflected on its base.
It is formed by eight triangular faces, each of which is equilateral.
The six vertices lie on the circumscribed spherical surface and can
act as a regular discretization of the two-dimensional angular space.
An initial octahedron can be further refined by regularly increasing
its faces via the so called subdivision process. While there exist

Figure 7: (a) shows a regular grid of 𝑁𝛼𝑁𝛽 points. (b)
illustrates Fibonacci lattice. (c) shows points mapped from

the regular Octahedron to the sphere.

multiple ways to define this process, we rely on the formulation
in [32]. Since we do not require a densely sampling of the angular
space, but would like retain a small number of directions where
to compute PHT (to save computational time and resources), the
gentle increase in octahedral vertices proposed in the cited work is
preferred to more intensive versions [27]. In this iterative process,
each face, is subdivided in a given number of faces at each iteration.

At stage face is divided into a number of triangles according
to the stage, 𝜐. If we are in the first stage, where 𝜐 = 1, then the
number of triangles in one face is equal to 𝜐2 and the number of
vertices 𝜌 = 4𝜐2 + 2 [10]. The inverse mapping formulas are used to
transfer any grid from the octahedron to the sphere. This method
is effective for generating nearly uniform points on the sphere,
as demonstrated in Fig. 7 c. We focus on the half of 𝜌 since each
vertex and its reflection across the origin represent a single direction
within the angular space extending from −𝑅 to 𝑅. Consequently, the
number of directions for each neighbourhood is given by 𝑁Ω =

𝜌

2 .
For each point on the sphere, the angles 𝛼 and 𝛽 are equal to the
elements 𝛼 (𝑓 ,1) and 𝛼 (𝑓 ,2) of a𝑓 , respectively.

The subdivision process is only characterized by the number
of iterations and the inverse mapping used to map newly created
vertices onto the spherical surface. Stopping the subdivision process
at a given iteration implies assuming a certain thickness of the
detectable stream. This can be estimated as the minimum geodesic
distance (see e.g. [28]) between all neighbouring pairs of points on
the spherical surface. We will refer to the stream’s thickness as 𝜎𝑔 .
The user can provide assumptions about the detectable streams by
imposing a value for their thickness. Since the subdivision process
can only create a finite (quantized) number of points on a sphere
and this number determines the spherical points mutual separation,
the estimated mutual separation between spherical points is bound
to be different from the provided 𝜎𝑔 . In order to match the user’s
imposition, we create two sets of points on the sphere by finding
the closest lower 𝜎𝑙 and upper 𝜎𝑢 to 𝜎𝑔 , such that 𝜎𝑙 < 𝜎𝑔 < 𝜎𝑢 .
This is achieved simply by stopping the subdivision process at two
consecutive iterations. While this choice allows for more fidelity to
the user’s requirement, it also poses implementation challenges. In
particular, the whole methodology has to be performed for both 𝜎𝑔 ,
𝜎𝑙 and 𝜎𝑢 and a technique needs to be implemented for matching
the detected structures (see sec. 2.3).

B Filament functional forms
The synthetic data set D ∈ R3 is composed of three noisily sam-
pled streams with different curvatures and alignments across the
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occupied volume. Stream S1 is a straight line across the diagonal
of the occupied volume. Streams S2 and S3 are parabolic streams
with different curvatures and orientations. The functional forms
are displayed in the sequence shown below:

s1 (𝑔1) =

𝑥1 = 𝑔1 ∼ U([−1, 1])
𝑥2 = 𝑔1

𝑥3 = 𝑔1

s2 (𝑔2, 𝑔3) =

𝑥1 = 𝑔2 ∼ U([−0.35, 1])
𝑥2 = −2𝑔2

2 + 2𝑔2

𝑥3 = 𝑔3 ∼ U([−1, 0.5])
,

s3 (𝑔1, 𝑔3) =

𝑥1 = 𝑔1

𝑥2 = 𝑔2
1 − 0.5

𝑥3 = 𝑔3

S𝑗 = s𝑗 +U([−0.02, 0.02]3)

(26)

where we define by [−0.02, 0.02]3 the uniform multivariate distri-
bution within the Cartesian product of segments [−0.02, 0.02] ×
[−0.02, 0.02] × [−0.02, 0.02] in directions 𝑥1, 𝑥2 and 𝑥3 respectively.

C Hard filament functional forms
The hard synthetic data set D ∈ R3 is composed of three noisily
sampled filaments whose properties go beyond the degree-two
polynomial assumption of the spine model. Stream S4 is a cubic
S-shaped curve whose degree-three curvature strictly mismatches
the degree-two spine model. Stream S5 is a straight line where the
points are not uniformly distributed along its length. Stream S6 is
a parabolic curve with a thickness that varies continuously along
the filament. The functional forms are shown below:

s4 (𝑔4) =

𝑥1 = 0.53𝑔4 − 0.48, 𝑔4 ∼ U([−0.85, 0.85])
𝑥2 = 0.48 (4𝑔3

4 − 3𝑔4) − 0.45
𝑥3 = 0.48𝑔4 − 0.48

s5 (𝑔5) =

𝑥1 = 𝑔5 − 0.9, 𝑔5 ∼ Beta(0.4, 2.0)
𝑥2 = 0.5 (𝑔5 − 0.9) + 0.65
𝑥3 = −0.6 (𝑔5 − 0.9) + 0.35

s6 (𝑔6) =

𝑥1 = 0.5𝑔6 + 0.4, 𝑔6 = linspace(−0.3, 0.9, 𝑁 )
𝑥2 = 0.45 (−1.5𝑔2

6 + 2𝑔6) + 0.35
𝑥3 = 𝑔6

S𝑗 = s𝑗 + 𝜹 𝑗

(27)

ForS4 andS5, the perturbation is uniform: 𝜹 𝑗 ∼ U([−0.02, 0.02]3).
For S6, the perturbation has a spatially varying magnitude: 𝜹6 =

𝒖 ⊙ 𝝀, where 𝒖 ∼ U([−1, 1]3) and 𝝀 = linspace(0.08, 0.005, 𝑁 )
decreases linearly from one end of the filament to the other, pro-
ducing a tapered thickness. The non-uniform background noise is
a mixture of two components: 60% of points are drawn uniformly
from [−1, 1]3, and 40% are drawn from a Gaussian distribution
with mean 𝝁 = (0, 0, 0) and standard deviation 𝜎𝑛 = 0.5, clipped to
[−1, 1]3. This creates a dense noise concentration near the centre

of the volume, which makes the separation of filament points from
noise harder for all methods.

D Galaxy-support measure
Without a ground-truth filament map, we assess each skeleton
against the galaxy field directly: a genuine filament segment sits on
a transverse overdensity, while a hallucinated segment shows no
galaxy excess. We quantify this per segment and summarise each
skeleton by the fraction of its total length that carries no significant
excess.

Per-segment geometry. Each skeleton is a set of straight segments.
For iPHT, each quadratic spine curve is sampled at 𝑃 = 15 unequal
length segments, giving 𝑃 − 1 consecutive segments. For DisPerSE
(𝜎̃ = 7) the segments are taken directly from the .segs output file.
Segments keep their native, unequal lengths.

A segment has endpoints ẽ and b̃, length 𝐿̃ = ∥b̃ − ẽ∥, and unit
direction û = (b̃ − ẽ)/𝐿̃. A galaxy at position p has longitudinal
coordinate and perpendicular distance

ℓ̃ = (p − ẽ) · û, 𝑑 =


(p − ẽ) − ℓ̃ û



, (28)

and is attributed to the segment only if 0 ≤ ℓ̃ ≤ 𝐿̃.

Radii. We define an inner cylinder of radius 𝑅̃ and an outer
annulus of radius 𝑄̃ , both scaling with the segment length 𝐿̃:

𝑅̃ = 𝑟 𝐿̃, 𝑄̃ = 𝑏 𝑅̃, (29)

where 𝑟 ∈ {1, . . . , 15} and 𝑏 ∈ {2, . . . , 15} are the multipliers
scanned on the axes of Fig. 6. By construction 𝑄̃ > 𝑅̃ for all 𝑏 > 1.
The 3D cylindrical shell volume between two perpendicular radii
𝑐1 and 𝑐2 around a segment of length 𝐿̃ is

𝑉̃ (𝑐1, 𝑐2, 𝐿̃) = 𝜋 (𝑐2
2 − 𝑐2

1) 𝐿̃. (30)

Per-segment significance. Let 𝑁̃ be the galaxy count inside the
inner cylinder (𝑑 < 𝑅̃, 0 ≤ ℓ̃ ≤ 𝐿̃) and 𝑀̃ the count in the annulus
(𝑅̃ ≤ 𝑑 < 𝑄̃, 0 ≤ ℓ̃ ≤ 𝐿̃). The local under the assumption of Poisson
distributed counts is

𝑛̃ =
𝑀̃

𝑉̃ (𝑅̃, 𝑄̃, 𝐿̃)
, (31)

or the global survey density if the annulus is empty. The per-
segment significance is

𝑆 =
𝑁̃ − 𝜆̃√︁

𝜆̃

, 𝜆̃ = 𝑛̃ 𝑉̃ (0, 𝑅̃, 𝐿̃). (32)

Insignificant fraction. A segment is insignificant when 𝑆 < 𝑎 = 3.
The length-weighted insignificant fraction 𝜉 is

𝜉 =

∑︁
𝑗 :𝑆 𝑗<𝑎̃

𝐿̃ 𝑗∑︁
𝑗

𝐿̃ 𝑗

, (33)

with 𝐿̃ 𝑗 the length of segment 𝑗 . We evaluate Eq. (33) on the full
grid of (𝑟, 𝑏) for both methods using the same galaxy catalogue and
the same 𝑎, giving 𝜉1 for DisPerSE and 𝜉2 for iPHT. The difference
𝜉1 − 𝜉2 is shown in Fig. 6.
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